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Abstract

Let S € A® B be annihilated by an unextendible family of product functionals. If every
nonzero element of 7' C C' ® D has Schmidt rank at least r, then every nonzero element of
S ® T, regrouped across AC' : BD, has Schmidt rank at least 2r. When S contains a rank-
two vector, this gives the exact identity m(S ® T') = 2m(T) for every nonzero partner 7.
The proof uses a rank-nullity inequality for two local compressions and the unextendibility
condition. For the canonical Tiles projector P of Bennett et al. [1] and state p = P/4, it yields
m(ran P®Y) = SN(p®V) = 2V for all N > 1. A nine-column decomposition supplies the exact
upper bound. The case N = 2 is due to Chen, Yang and Tang [11]. We give the full proof, a
stronger partial-transpose cone exclusion, operational and classification consequences, and a
comparison with the literature. The rank-doubling theorem, strong multiplicativity and the
exact all-copy Tiles formula are formalized in Lean 4; the zero-error cost, the rank-four two-qutrit
class and the channel interpretation combine the formal theorem with published results.

1 Definitions and the precise result

All vector spaces below are finite-dimensional over C. Fix local bases and identify a vector in A @ B
with its coefficient matrix. Its Schmidt rank is then its matrix rank. For a nonzero subspace S write

m(S) = min{rank X : 0 # X € S}.

The minimum exists because the attainable ranks form a nonempty finite set of positive integers.
The tensor product of matrix subspaces always means the span of the actual matrices

(XY )(a,0),b,d) = XapYed: (1)

Thus the two parties are A ® C and B ® D. The rank under this regrouping is essential; it is not
the rank across AB : CD.
Let f; € A* and g; € B*, indexed by a finite set. Call the product functionals unextendible when

[fe(u)ge(v) =0 for every t| = w=0o0rv=0. (2)

If the functionals are inner products with vectors, this is the usual absence of a nonzero product
vector orthogonal to the entire family. Mutual orthogonality, normalization, and linear independence
of family members are not required for the general result. In coordinates the functionals are
linear, so their coefficients already incorporate any complex conjugates needed by the Hilbert-space
convention.



Strong minimum-rank multiplicativity Dev D. Goyal

Theorem 1.1 (Rank doubling). Suppose S C A ® B satisfies

S C(ker(f: ® gr)
¢

for a family satisfying (2). Let r > 1, and suppose every nonzero element of T C C'® D has rank at
least . Then every nonzero element of S ® T, with the regrouping (1), has rank at least 2r.

Corollary 1.2 (Strong minimum-rank multiplicativity). If, in addition, S contains a nonzero vector
of rank at most two, then for every nonzero matriz subspace T,

m(S®T)=2m(T). (3)

The extra hypothesis in this corollary is essential to the stated equality. The theorem does not
assert that every UPB complement has minimum rank two, or that minimum rank is multiplicative
for arbitrary pairs of subspaces. General minimum-output-rank multiplicativity is known to fail [7].

For a positive semidefinite operator R, let Cj, be the cone of finite sums 3 ;|v; )(v;| with SR(v;) < k.
Arbitrary nonnegative weights are included by absorbing their square roots into the unnormalized
vectors. For a trace-one state, membership in Cj is exactly Schmidt number at most & [2]. In
particular, the lower bounds below concern every pure-state decomposition.

2 Proof of the general theorem
Lemma 2.1 (Two compressions). For compatible complex matrices X, L, R, if LXR =0, then
rank (LX) + rank(X R) < rank X. (4)

Proof. Set W =ran X and restrict L to W. Its image is ran(LX). Also ran(XR) C W Nnker L, by
the assumed zero composition. Rank-nullity for L|y therefore gives

rank(LX) 4 rank(X R) < dimran(L|yw) 4+ dimker(L|w) = dim W = rank X.

No positivity, adjoint relation, or independence condition is used. ]

Proof of Theorem 1.1. Write the coordinates of f;, g; as ayq,Btp. Regard X € S ® T as a block
matrix X, € T, each block indexed by (c,d). Membership follows for a simple tensor and then for
their linear span. The same observation in the other direction says that, for fixed ¢, d, the matrix
(Xac,bd)a,b lies in S.

For each t, define the block-row and block-column contractions

(Lt X)e,(b,a) = Zata ac,bd> (XRt)(a,0),d ZXacbdﬁtb

The annihilation of the fixed-c, d slices gives L; X Ry = 0. If L; X # 0, at least one of its blocks is a
nonzero linear combination of the X, ;, hence a nonzero member of T'. A submatrix cannot have
larger rank than its parent matrix, so rank(L;X) > r. The identical argument gives rank(X R;) > r
whenever X R; # 0.

Suppose X # 0 but rank X < 2r. Lemma 2.1 now implies, for every t,

L,X=0 or XR,=0. (5)



Strong minimum-rank multiplicativity Dev D. Goyal

Choose a nonzero entry X c.bod, and define

Uq = Xaco,bodoa Uy = Xaoco,bdo-

Both vectors are nonzero. The first alternative in (5) implies f;(u) = 0; the second implies g;(v) = 0.
Consequently fi(u)g:(v) = 0 for every t, contrary to (2). This proves the claimed bound for every
nonzero X in the tensor-product subspace. O

Proof of Corollary 1.2. Put r = m(T') and choose nonzero Y € T attaining this rank. Choose the
assumed nonzero Xy € S of rank at most two. Factorizations of Xy and Y into at most two and r
simple tensors show that the nonzero matrix Xy X Y has rank at most 2r. Theorem 1.1 gives the
opposite bound on this matrix and on every other nonzero member of S ® T'. Thus the minimum is
attained and equals 2r. O

The proof is entirely algebraic. In particular, it does not assume a Schmidt-number multiplica-
tivity principle for mixed states, or import a tensor-power lower bound from the literature.
3 The Tiles state and the exact upper bound

Let eg, e1, e be the standard basis of C3, and put s = eg + e; + es. Use the following unnormalized
Tiles product vectors:

w0:€0®<60—€1), w1:€2®(€1—62),
wy = (eg — e1) ® ey, w3 = (e1 — e2) ® e,
Wy =8 S.

This is the standard UPB construction of Bennett et al. [1]. The five vectors are mutually orthogonal,
with squared norms 2, 2,2,2,9. Define

13 1 1
P=1Iy— = |w)we| — < |wgdwal, p=-P. (6)
2 & 9 4

Thus P is a rank-four orthogonal projection, and p is positive semidefinite with trace one. All local
coordinates are real, so each subtracted product projector is fixed by partial transpose on the second
party. Consequently P = P and p'' = p = 0.

For completeness, unextendibility can be checked without numerical optimization. Both lists of
local factors are permutations of

€p, €2, €0 — €1, €1 — €2, S.

The determinants for their ten increasing triples, used as columns, are 1,—1,—1,1,—-1,2,1,2,—1,3.
Any three local factors therefore span C3. A nonzero vector can be orthogonal to at most two
of them. Two nonzero local vectors can consequently annihilate at most four of the five product
vectors, proving unextendibility.

The complement S = ran P has the concrete coefficient-matrix description

a a b
S = ¢c —2(a+b+c+d) b|:abec,deCy. (7)
d d
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It contains the rank-two matrix

11 -1
Xo=10 0 -1
00 O
Corollary 1.2 applies, and induction gives
m(S¥Vy =28 (N >1). (8)

The passage from minimum support rank to ezact Schmidt number needs a separate upper
bound. A single rank-two vector in S would not suffice. Here an explicit decomposition provides it.
For a computational basis cell ¢ = (a,b), put p; = Pla,b). The four two-cell tiles are

{(0,0),(0,1)}, {(2,1),(2,2)}, {(0,2),(1,2)},  {(1,0),(2,0)}.

If ¢ belongs to one of these tiles, let 2z, be the sum of its two basis vectors. That sum is a product
vector, since the two cells share a row or a column. Directly from (6),

Pq = %zqf%s@)s.
For the remaining center cell,
P, = €1 e — %S ® s.
Every column therefore has Schmidt rank at most two. Since P = P? = P*,

P=3% lpgpql- (9)

qe{0,1,2}2

Tensoring this identity gives 9V pure terms of Schmidt rank at most 2V for P®N and positive
rescaling gives the same bound for p®¥.

Theorem 3.1 (Exact all-copy Tiles formula). For every integer N > 1, across the bipartition
Ay---Ax: By By,

SN(p®N) = m(ran PN) = 2V, (10)

The state has local dimension 3%, trace one, and is fized by partial transpose.

Proof. Only the lower Schmidt-number bound remains. If a positive operator R is written as
SilviXwil, every v; lies in ran R. Indeed, for z € ker R, the equality 0 = (z|R|z) = 3, |(z,v;)|?
forces each inner product to vanish. Apply this to R = p®V. Equation (8) forces every nonzero
decomposition vector to have rank at least 2. Equation (9) supplies a decomposition at that
rank, proving equality. Trace, positivity, and partial transpose commute with the regrouped tensor
construction as stated. O

4 Consequences and their formal scope

4.1 An exclusion from a sum of Schmidt-number cones

The formal project also proves the stronger cone statement

pPN ¢ Con_y +T(Con_y). (11)
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To see why, put K = I — P®N., Then K = 0, K'' = K, and Tr(Kp®V) = 0. If p®V = Q + T'(T)
with Q,T € Cyn_;, self-adjointness of partial transpose for the trace pairing gives

0= Tr(KQ) + Tr(KT).

Expanding the two pure-state decompositions expresses the right side as a sum of nonnegative
quadratic forms. Every such vector is in ker K, hence in ran P®". Equation (8) forces all of them
to vanish, a contradiction. This argument handles the fact that I'(T") itself need not be positive.

Equation (11) is an explicit family statement. It is not claimed as a new asymptotic existence
theorem for large-Schmidt-number PPT states or as a dimension-optimal cone separation; see
Section 6.

4.2 Exact zero-error preparation cost

For a trace-one density operator o, the known operational interpretation of Schmidt number is
2, 13]
EO () = logy SN(0),

C

when the resource is a maximally entangled state and preparation is by LOCC with zero error.
Thus Theorem 3.1 implies

EO(p®*N) =N lim %Eém (p*N) = 1.

N—oo
Exactly N Bell pairs suffice and fewer cannot suffice. This is a consequence of the verified Schmidt-
number theorem together with the cited operational identification. LOCC protocols and that
identification are not formalized in this package. The statement concerns exact zero-error cost,
not the ordinary asymptotic entanglement cost allowing vanishing approximation error, and not
preparation under PPT-preserving operations.

4.3 The entire rank-four two-qutrit PPT class

The existing classification of rank-four two-qutrit PPT entangled states says that each is, up to
normalization, a local invertible transform of a projector onto an orthogonal UPB complement
[8, 9]. Such states have Schmidt number two [4]. Local invertible transformations preserve both
Schmidt number and support minimum rank, and carry product annihilators to product annihilators.
Applying Theorem 1.1 inductively, and tensoring their rank-two decompositions for the upper bound,
gives

SN(p1 @@ py) =2V (12)

for any N entangled rank-four two-qutrit PPT states, including unequal factors. Their tensor-product
support also has minimum rank 2%.

This is a mathematical corollary using published classification results. The package formalizes
the general UPB theorem and the unconditional explicit Tiles instance. It does not formalize the
classification of all rank-four two-qutrit PPT states. Accordingly, (12) must not be described as an
unconditional all-class Lean theorem.

4.4 A channel interpretation with an arbitrary partner

Choose an isometry V : C* — C3 ® C3 whose range is S, and form ®(o) = Trg(VoV*). The
minimum output rank equals m(S). For another finite-dimensional channel ¥ with a Stinespring
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range T, the product isometry has range S ® T" under the same regrouping. Corollary 1.2 therefore
gives
Tmin(q) ® \Ij) = 2rmin(\Ij)7 SO,min((I) ® \I’) =1+ SO,min(\I’)a

with base-two logarithms. Pure inputs suffice: the output of a mixture has support containing
the output support of each pure component with positive weight. This is an interpretation of the
verified arbitrary-subspace theorem; the channel and Stinespring infrastructure is not formalized
here. It does not imply SN(p ® ) = 2SN(o) for arbitrary mixed o, whose support minimum rank
can be smaller than its Schmidt number.

5 Lean verification and correspondence

All 22 Lean modules compile with the pinned toolchain, with warnings treated as errors, and the
central exports depend only on propext, Classical.choice and Quot.sound. A fresh replay on
30 October 2026, compiling all 22 modules from source at kernel trust level zero against a Mathlib
checkout built at the pinned revision, passed; its record is in verification/.

The mathematical objects are represented directly. HasSR k v means a sum of at most k
unrestricted complex simple tensors. The module RankBridge.lean proves its equivalence with
Matrix.rank <= k. PureCone quantifies over an arbitrary finite list of complex vectors and their
exact outer-product sum. There is no restriction to the displayed column decomposition when
proving nonmembership.

matrixTensorSpace S T is the linear span of actual simple coefficient tensor products, not an
assumed tensor-rank surrogate. Its slice properties are proved by span induction. HasMinimumRank
contains both a universal lower bound and a nonzero attaining matrix, so its use does not conceal
an empty subspace or a vacuous minimum.

The explicit power modules use a zero-based parameter: n denotes N = n+1 copies. PowerIndex
n has cardinality 3"*!. tilesPower n is the recursively regrouped tensor product of the actual
9 x 9 rational projector. tilesDensity n is 4=+ tilesPower n, and a separate theorem proves
its literal normalized tensor recurrence.

Module Mathematical responsibility

BlockRank.lean Rank-nullity proof of Lemma 2.1.

UPBRank.lean Rank doubling, local contractions, and the nonzero-entry
contradiction against unextendibility.

StrongTensor.lean The actual tensor-product span, arbitrary partner, attained
minimum, and general strong multiplicativity.

TilesBase.lean, TilesUPB.lean Concrete rational projector, complex unextendibility, support
equations, and a rank-two witness.

TensorProductProjection.lean Regrouping, projection and positivity identities, partial
transpose, and fixed-support slice membership.

SchmidtUpper.lean Nine-column pure decomposition and tensoring of finite
Schmidt decompositions.

PowerFamily.lean All-copy support bounds with an attainer, exact
Schmidt-number cone membership, and the stronger cone
exclusion.

Normalization.lean, Trace, nonzero scaling, literal tensor recurrence, normalized

NormalizedPower.lean positivity and exact result.

The principal exports are:
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e upb_tensor_no_sr

e upb_strong_minimum_rank

e tiles_strong_minimum_rank

e tilesPower_support_minimum

e tilesDensity_schmidtNumber_exact

e normalized_sharp_tiles_power_family
The exact normalized statement is an equivalence

PureCone (HasSR k) (tilesDemsity n) <<= 2"l <k

Consequently it includes both directions of the claimed Schmidt-number formula, rather than
verifying only one selected decomposition.

The review of the formal statements covered conjugations, the regrouped bipartition, the
distinction between support rank and mixed-state Schmidt number, zero-dimensional or zero-vector
cases, and whether any central assertion was merely assumed. These were Al checks, not external
human peer review.

6 Prior art, novelty, and significance

6.1 The strongest relevant baselines found

Exponential growth was already implicit in 2001. Vidal and Cirac prove for a locally
equivalent Tiles projector that every normalized product-vector expectation of its Nth tensor power
is bounded by BV, where 8 = (1 +a1)/2 < 1 [3, Egs. (5)—(7)]. Every squared Schmidt coefficient
of a normalized support vector is therefore at most 3. Since these coefficients sum to one, their
number is at least A=V, This minimum-rank consequence is an inference from their proof. It rules
out describing the present result as the first exponential support-rank growth theorem for Tiles.
The candidate advance is the sharp base two and exact all-copy evaluation.

The two-copy equality is established prior art. Chen, Yang, and Tang prove Schmidt number
four for two rank-four two-qutrit PPT entangled factors [11, Lemma 19(iii)]. Their Proposition 20
states an N + 1 support-rank lower bound for arbitrary products of N completely entangled supports.
Neither result, as stated, is the present sharp all-copy UPB theorem. Their N = 2 result is explicitly
excluded from the novelty claim.

Tensor stability of UPBs concerns different subspaces. Miiller-Hermes, Reeb, and Wolf
prove multiplicativity of minimum product overlap with separable positive matrices [10, Lemma 3].
Cheng, Winter, and Yu give a quantitative UPB tensorization statement [14, version 1, Section 6].
Such results control the complement of the tensor product of the UPB spans; that is different from
the tensor product of their orthogonal complements used here. The transitivity results of Davidson,
Marcoux, and Radjavi likewise concern annihilators of tensor products, giving a sum of subspaces
rather than this tensor product of complementary supports [6, Section 3].

Other exact rank and cost laws already exist. Alicki and Fannes establish all-copy minimum
output Rényi entropy additivity for Werner—Holevo channels in a range of orders; minimum output
rank multiplicativity for that family follows [5]. Yue and Chitambar exhibit exact regularized
zero-error costs and strong nonadditivity for different mixed-state families [13]. These prevent any
claim that exact tensor laws or exact zero-error cost computations are new in themselves. No direct
reduction of the UPB arbitrary-partner result to these theorems was found.
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This is not a record for PPT Schmidt number versus dimension. At local dimension
d = 3V, the present value is 2V = d'°%32. Huber, Lami, Lancien, and Miiller-Hermes already give
linear scaling and quantitative typical-state estimates [12]; more recent near-maximal constructions
also exist. Their older mean-width bounds additionally imply linear-order necessary thresholds for
containing all PPT states in Cy + I'(Cx). Indeed, after centering trace-one sections, the mean width
of the latter is at most twice that of Ci, by convex hull and partial-transpose symmetry. Thus the
qualitative failure of a fixed finite cutoff is not a novelty claim here.

6.2 Search coverage and remaining uncertainty

The search examined primary journal and conference manuscripts, arXiv versions, author and
institutional copies, and theses surfaced through the queries. It also included targeted searches of
MathOverflow, mathematical databases, and relevant public repositories. Alternative formulations
included UPB complements, minimum support Schmidt rank, minimum output rank, strong
additivity at Rényi order zero, rank-one-spanned annihilators, transitive operator spaces, and
regularized zero-error entanglement cost. Searches were repeated after the proof emerged, including
searches of recent years up to the preparation of this note.

In particular, Cheng—Winter—Yu’s Proposition 22 has different content in different versions; only
the identified version supports that comparison. Search snippets and generated summaries were not
accepted as theorem statements. No exact preemption was found for Theorem 1.1, Corollary 1.2,
or the full all-copy Tiles formula. This is not a completeness certificate for the literature, and a
missing search result is not evidence of originality.

6.3 Assessment of the contribution

The strongest defensible interpretation is a candidate structural theorem with an exact application
to a canonical bound-entangled state and, using existing classification, an entire minimal-rank
two-qutrit PPT class. It determines every copy number and remains valid against an arbitrary
matrix-space partner. Those features make it more substantive than a finite numerical instance or a
formalization of the known two-copy equality.

Nevertheless, the literature search did not locate an established major conjecture specifically
asking for this sharp law. The state itself, single-copy Schmidt number, two-copy case, nonsharp
exponential growth, and general high-Schmidt-number PPT existence are all prior art. The evidence
does not support describing the result as the resolution of a major open problem or as suited to
any particular venue. Mathematical correctness is now supported by formal verification; originality
remains provisional and specialist priority review is still needed.

7 Reproduction and release contents

The package contains the complete Lean project sources, the exact dependency manifest, the verifier,
the fresh replay record, this note and its LaTeX source, and separate exact rational matrix checkers
in calculations/. Earlier weaker cone modules are retained as audited dependencies and research
history, without independent novelty claims.

With Git, Python 3, and elan installed, enter the archive’s lean directory and run:

elan toolchain install leanprover/lean4:v4.19.0
lake exe cache get
python3 verify.py
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Keep the supplied lake-manifest.json. The verifier checks exact Git revisions and rejects
tracked dependency modifications, so silently changing a dependency fails verification. An optional
-lean-bin argument accepts a directory containing the pinned lean and lake binaries. It clears
inherited Lean search paths and recompiles every project module in a fresh temporary directory,
without reusing a project object.

The verifier rejects declarations or proof escapes including sorry, admit, new axiom declarations,
native_decide, and kernel-check bypasses in project sources. It then parses the printed dependencies
of the central theorems against the explicit foundational allowlist. The release hashes cover the
proofs, manifest, and reproduction scripts; the build report separately records the exact sources
checked in the fresh build.

8 Research process and Al disclosure

This is fully autonomous agentic research. The research, the proofs, the Lean formalization and an
earlier version of this note were produced by autonomous Al research agents in an earlier session
whose records do not name the model or system used.

Opus 5.5 by Anthropic used with Claude Code assessed the package for this release, checked the
rank-doubling argument, the Tiles computations and the passage from support rank to Schmidt
number, ran the fresh Lean replay described in Section 5, and revised this manuscript. The editorial
revision of 1 November 2026, also made with Opus 5.5 by Anthropic used with Claude Code, changed
the presentation only, not the mathematics or the formalization.

Dev D. Goyal is responsible for publication. The work has not been externally peer reviewed; no
expert validation is claimed, Al checks are not human peer review, and the novelty assessment is
provisional. Lean verification establishes only the formal statements described in Section 5; Section 6
states the remaining limits.
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