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Abstract

We investigate necessary restrictions on the convergence region of the unchanged
Chambolle–Pock method at small positive extrapolation θ. Weak convergence is known
for θ > 1/2 and τσ∥L∥2 < 4/(1 + 2θ) [1], and under an explicit sufficient condition for
0 < θ ≤ 1/2 whose improvement is left open [2]. A dimension-independent sum-of-squares
identity gives the exact universal step-product threshold for a nonconstant three-cycle, and
compact triangles attain that threshold. An independent pair of integer-coordinate polytopes
in R4 yields a seven-cycle on a full parameter rectangle near step product 5/2, below the
three-cycle threshold. Every sufficiently close initial state is captured by that seven-cycle
after one update. A mixed-frequency construction gives a further family: for every fixed
step product greater than 2, suitable compact polytopes in R4 cycle for all sufficiently
small positive extrapolation. The constructions have a saddle point and use actual global
proximal minimizers. The three theorems and the comparison with quadratic eigenmodes are
proved conventionally and formalized in Lean 4, and the exact certificates are also rechecked
independently; numerical observations on larger extrapolation intervals and basin sizes are
not formalized. These are necessary obstructions, not a determination of the full convergence
region, and the obstructing extrapolation intervals are very small. No matching antecedent
was located in the inspected literature; priority is provisional.
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1 The question and the precise algorithm

Let E, F be real Hilbert spaces, L : E → F a bounded linear operator, and f, h proper lower
semicontinuous convex functions. Consider the saddle problem

min
x∈E

max
y∈F

f(x) + ⟨Lx, y⟩ − h(y). (1)

The unchanged primal-first Chambolle–Pock iteration is

xk+1 = proxτf (xk − τL∗yk),
yk+1 = proxσh

(
yk + σL((1 + θ)xk+1 − θxk)

)
.

(2)

Here τ, σ > 0, and the parameter of interest is

κ = τσ∥L∥2.

There is no additional relaxation or correction of the pair (xk+1, yk+1). This point matters when
comparing results for related splitting algorithms.
Banert, Upadhyaya and Giselsson prove weak convergence for θ > 1/2 and κ < 4/(1 + 2θ), and
their scalar bilinear example fails at and above that bound [1]. Upadhyaya’s 2026 preprint, in
the version of 20 August 2026, establishes weak convergence for 0 < θ ≤ 1/2 under the explicit
sufficient condition

κ < Bsuf(θ) := 4θ(2 − θ)
1 − 2θ + 9θ2 − 4θ3 . (3)

Its conclusion leaves improvement of the small-θ region open [2]. Numerical Lyapunov feasibility
regions and larger-memory certificates provide additional information, but infeasibility of a
selected certificate does not prove failure of the algorithm [3, 4].
The present investigation addresses the complementary necessary-condition question: how far
can a guarantee over all convex problems extend? Its strongest candidate theorem is the fixed-
dimension family approaching step product 2 as θ ↓ 0. The exact three-cycle classification
supplies a second, structural conclusion; the seven-cycle supplies a simple rational example with
an open basin of nonconvergence.

1.1 Results at a glance

Define

∆(κ, θ) = κ2(1 + θ)2 − 2κ(1 + 3θ) − 3, (4)

K3(θ) = 1 + 3θ +
√

(1 + 3θ)2 + 3(1 + θ)2

(1 + θ)2 . (5)

Theorem 1.1 (Universal three-cycle boundary). For θ ≥ 0, any nonconstant three-periodic orbit
of actual convex proximal updates (2) satisfies

∆(τσ∥L∥2, θ) ≥ 0, equivalently τσ∥L∥2 ≥ K3(θ).

Conversely, for every κ > 0 and θ ≥ 0 satisfying this inequality, there are compact convex
triangles, with a saddle point, whose projection version of (2) has a nonconstant three-cycle at
L = I, τ = 1, σ = κ.
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Theorem 1.2 (Robust rational seven-cycle). There are fixed compact convex polytopes C, D ⊂ R4,
given explicitly in Section 4, such that (0, 0) is a saddle of (1) for f = ιC , h = ιD, L = I. For
every

2499
1000 ≤ κ ≤ 2501

1000 , 0 ≤ θ ≤ 1
400 , (6)

the update with τ = 1, σ = κ has a nonconstant seven-periodic orbit. In a neighborhood of
every state on the orbit, all initial states agree with that orbit from their first update onward. In
particular, an open set of initial states fails to converge. Throughout (6),

κ < K3(θ) and κ <
4

1 + 2θ
.

Theorem 1.3 (Four-dimensional obstruction above two). For every fixed κ > 2, there are
compact convex polytopes C, D ⊂ R4, both containing zero, and ε > 0 such that the same pair
C, D produces a nonconstant periodic orbit of (2) for every 0 ≤ θ ≤ ε, with f = ιC , h = ιD,
L = I, τ = 1, and σ = κ. These actual iterates do not converge, despite the saddle (0, 0).

For 2 < κ < 4, one can decrease ε so that every positive θ in the resulting interval also satisfies
κ < 4/(1 + 2θ). This is a nonlinear obstruction inside the stability range of the quadratic
eigenmodes analyzed in Section 6. No matching sufficiency theorem below 2 is asserted. Nor
does Theorem 1.3 assert attraction; its primal normal vectors vanish, unlike the strict seven-cycle
certificate.
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Figure 1: Left: the published explicit sufficient bound (3), the bilinear necessary obstruction,
and the exact three-cycle threshold. Right: explicit instances of the proved Fourier family
with κ = 2 + 3 sin(π/(2K)), together with the seven-cycle rectangle. Every horizontal interval
continues to zero; the logarithmic display omits its left endpoint. The limiting ceiling is a
necessary restriction, not a sharp convergence threshold. Curves and endpoints are numerical
displays of exact formulas; no plot is used as a proof.

2 Actual proximal minimization and finite certificates

To model extended-valued objectives without hiding their domains, let C ⊂ E be convex and
let f : C → R be convex. Extend f arbitrarily to a real function on E; its values outside C are
ignored. The assertion that x is a proximal minimizer at center c means

x ∈ C, f(x) + 1
2∥x − c∥2 ≤ f(z) + 1

2∥z − c∥2 for all z ∈ C. (7)
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It is equivalent to the supporting inequality

f(x) + ⟨c − x, z − x⟩ ≤ f(z) (z ∈ C). (8)

For completeness, (8) implies (7) by expanding the square. Conversely, insert x + t(z − x) into
(7), use convexity, divide by t > 0, and let t ↓ 0. The resulting supporting inequalities also
prove uniqueness: applying them to two minimizers gives the squared distance between those
minimizers at most zero. These statements are formalized, not assumed.
When f = 0 on the convex hull of finitely many vertices vj , the supporting inequality is equivalent
to

⟨c − vi, vj − vi⟩ ≤ 0 for every vertex vj . (9)
Linearity extends the inequalities to the entire convex hull. Compactness gives a global minimizer
at every center, and uniqueness identifies it as the metric projection. Thus checking (9) certifies
the actual projection map, including its behavior under arbitrary repeated iteration.
If every inequality in (9) is strict for j ̸= i, continuity and finiteness give a neighborhood of c
with the same projected vertex vi. Applying this argument to the two successive CP projection
centers proves local constancy of the entire update near a strictly certified cycle state. This is
the mechanism behind the exact one-step capture in Theorem 1.2.

3 The universal three-cycle certificate

3.1 Supporting sums and the sum-of-squares identity

First normalize to τ = 1, dual step κ, and a contraction L, and write ai = Lxi. All indices in
this section are interpreted modulo three. A three-cycle supplies support vectors

pi = xi−1 − xi − L∗yi−1, qi = yi−1 − yi + κ((1 + θ)ai − θai−1).

The convex inequalities at each point, tested against the next point, telescope. Therefore

A :=
2∑

i=0
⟨xi−1 − xi, xi+1 − xi⟩ −

2∑
i=0

⟨yi−1, ai+1 − ai⟩ ≤ 0,

B :=
2∑

i=0
⟨qi, yi+1 − yi⟩ ≤ 0.

Set
U =

∑
i

∥xi − xi+1∥2, W =
∑

i

∥ai − ai+1∥2,

so W ≤ U , and define

Zi = (yi − yi+1) − κ(1 + θ)
2 (ai − ai+1) − 1

2(2ai−1 − ai − ai+1).

The exact identity is

∆(κ, θ)U = 4
∑

i

∥Zi∥2 − 8B − 4
(
3 + κ(1 + 3θ)

)
A

+
(
κ2(1 + θ)2 + 3

)
(U − W ).

(10)

It follows by expanding inner products and collecting coefficients. The Lean proof checks the
expansion for arbitrary real inner-product spaces; it is not a numerical Gram-matrix certificate.
For κ, θ ≥ 0, every term on the right of (10) is nonnegative. If the full state cycle is nonconstant
then U > 0: otherwise all xi agree, and the dual supporting sum reduces to 1

2
∑

i∥yi − yi+1∥2,
which must vanish. Dividing by U proves ∆ ≥ 0.

5



Periodic obstructions for Chambolle–Pock Dev D. Goyal

3.2 Restoring the genuine steps and operator norm

For L ̸= 0, let r = ∥L∥, replace ai by Lxi/r, replace yi by τryi, and put κ = τσr2. The
normalized primal supporting sum equals the original primal sum, while the normalized dual sum
is the original dual sum multiplied by (τr)2. The contraction estimate follows from ∥Lz∥ ≤ r∥z∥.
Thus (10) applies with the exact product τσ∥L∥2.
When L = 0, the two blocks are independent proximal iterations. Summing their three sup-
porting inequalities forces each block’s displacement energy to vanish. Consequently there is no
nonconstant three-cycle. This case is included in the final formal necessity theorem; it is not
excluded by an unstated nonzero-operator assumption.
Solving the quadratic inequality (4) for nonnegative κ gives precisely (5). Both non-strict and
strict root comparisons are formalized.

3.3 Attainment by compact triangles

In R3, put
x0 = (2, −1, −1), x1 = (−1, 2, −1), x2 = (−1, −1, 2),

and, with cyclic indices, set

yi = sxi + b(xi−1 − xi+1), C = conv{x0, x1, x2}, D = conv{y0, y1, y2}.

The vertices lie in the zero-sum plane. The formal ambient space is R3; no unformalized reduction
of dimension is needed for the theorem. Both vertex sums vanish, hence 0 ∈ C ∩ D, and (0, 0) is
a saddle for the restricted bilinear objective.
Writing Q = s2 + 3b2, the vertex normal conditions reduce to four scalar inequalities:

b ≥ 1
2 , s + b ≥ 2,

Q ≤ κ
(
(1 + θ)s − (1 + 3θ)b

)
, 2Q ≤ κ

(
(1 + 2θ)s + b

)
.

(11)

They certify

PC(xi−1 − yi−1) = xi, PD

(
yi−1 + κ((1 + θ)xi − θxi−1)

)
= yi.

Choose
b = 1

2 , s = 1
2κ(1 + θ).

The inequality ∆ ≥ 0 implies κ(1 + θ) ≥ 3, yielding the first two conditions. The third is exactly
∆ ≥ 0 after multiplication by four. The fourth follows from nonnegativity of κθ(κ(1 + θ) − 1). All
four are checked symbolically in Lean. Since x0 ̸= x1, two constant subsequences of the actual
iterates have different values, proving nonconvergence.
The fixed choice s = 3/2, b = 1/2, κ = 3 works for every θ ≥ 0. It is strictly below the bilinear
boundary when 0 < θ < 1/6. More generally, exact algebra gives

K3(θ) <
4

1 + 2θ
⇐⇒ 44θ2 + 20θ < 5 ⇐⇒ 0 ≤ θ <

4
√

5 − 5
22 . (12)

The last endpoint is about 0.179285. This improves a necessary obstruction over an interval, but
cannot be used as a convergence boundary.

6



Periodic obstructions for Chambolle–Pock Dev D. Goyal

4 The explicit seven-cycle and its open basin

Let C = conv{Xi : 0 ≤ i < 7} and D = conv{Yi : 0 ≤ i < 7}, where the rows below are the
integer vectors actually used in Lean.

i Xi Yi

0 768 0 7454 0 259 -896 9234 -7329
1 481 602 -1660 7266 861 -350 5097 10633
2 -170 749 -6714 -3234 812 455 -11500 2597
3 -695 336 4647 -5824 154 917 22 -11788
4 -695 -336 4647 5824 -623 693 11488 2646
5 -170 -749 -6714 3234 -931 -56 -5137 10612
6 481 -602 -1660 -7266 -532 -763 -9204 -7371

For each i modulo seven, the exact certificate is

⟨Xi − Yi − Xi+1, Xj − Xi+1⟩ < 0, j ̸= i + 1, (13)
⟨Yi + κ((1 + θ)Xi+1 − θXi) − Yi+1, Yj − Yi+1⟩ < 0, j ̸= i + 1. (14)

These hold throughout the closed rectangle (6). The excluded diagonal cases have value zero, as
required by a normal-cone inequality.
An independent standard-library Python audit checks the coordinates after division by 14,000,
using exact rational arithmetic. Its maximum off-diagonal primal value is −429/2,800,000. The
maximum dual values at the four corners are:

κ θ Maximum dual support value
2499/1000 0 −2622853/800000000
2499/1000 1/400 −96724819/320000000000
2501/1000 0 −1324939/400000000
2501/1000 1/400 −255773241/800000000000

There are 42 off-diagonal primal tests and 42 dual tests at each corner. Each dual expression
is affine in either parameter while the other is fixed, so negativity at the corners suffices on
the rectangle. The separate Lean proof establishes the inequalities directly for arbitrary real
parameters with those bounds. Neither the rational checker nor a numerical solver is trusted by
the Lean proof.
The two vertex sums are exactly zero, and X0 ̸= X1. Section 2 now identifies the actual CP
update with cyclic advancement through these seven states and proves nonconvergence. Seven-
periodicity and nonconstancy suffice for this conclusion; because seven is prime, the minimal
period is also seven by elementary periodicity.
Finally, all off-diagonal inequalities are strict. Therefore the primal projection is locally constant
near its cycle center. After fixing that primal output, the dual center depends continuously on
the initial pair, and its projection is locally constant as well. The whole update sends an open
neighborhood of (Xi, Yi) to (Xi+1, Yi+1). All subsequent iterates agree exactly with the cycle.
This proves the open-basin assertion, in the full space R4 × R4, and rules out an explanation
based on a single exceptional initialization.
The exact point κ = 5/2, θ = 1/1000 is included as a separate formal corollary that discharges
every rectangle premise. The parameter assumptions are therefore explicitly inhabited.
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5 A Fourier family approaching step product two

5.1 Construction and choice of parameters

Fix κ > 2. Choose an integer N ≥ 4 sufficiently large, and define

K = 4N + 3, t = π

2K
, s = sin t,

ϕ1 = π

2 − 3t = 2πN

K
, ϕ2 = π

2 + t = 2π(N + 1)
K

,

d1 = 2 − 2 cos ϕ1, d2 = 2 − 2 cos ϕ2 = 2 + 2s,

U1 = κ

κ − d1
, U2 = 3κ

κ − d2
, M = d1U1 + d2U2.

(15)

Choose N so that 2 + 2s < κ and t < 1/8. Such an N exists by the Archimedean property and
sin t ≤ t. All denominators, both weights, and M are positive.
For each integer i, set

xi =
(√

U1 cos(iϕ1),
√

U1 sin(iϕ1),
√

U2 cos(iϕ2),
√

U2 sin(iϕ2)
)
,

yi = xi − xi+1.
(16)

These sequences are K-periodic. Let C and D be the convex hulls of their respective K points.
Both sums over a full period vanish. This follows either by summing the two nonzero Fourier
modes or, without complex notation, by summing their coordinate rotation recurrences and
using cos ϕj ̸= 1. Hence 0 ∈ C ∩ D, giving a saddle at (0, 0). The identity ∥y0∥2 = M > 0 proved
below gives x0 ̸= x1.

5.2 The exact supporting gap

The primal update is immediate:
xi − yi = xi+1 ∈ C.

At zero extrapolation, use ℓ = i + 1 and divide the dual normal by κ:

qℓ = yℓ−1 − yℓ

κ
+ xℓ.

On each Fourier mode this equals (1 − dj/κ)xℓ. The weights in (15) were chosen so that

(1 − d1/κ)U1 = 1, (1 − d2/κ)U2 = 3.

For δ = j − ℓ modulo K, this gives

⟨qℓ, yj − yℓ⟩ = −Fδ, Fδ = A0 − A1 − Aδ + Aδ+1, (17)

where
Aδ = cos(δϕ1) + 3 cos(δϕ2).

Lemma 5.1 (Discrete Fourier gap). For the above parameters and every 1 ≤ δ < K,

Fδ ≥ 4s3 > 0.

Proof. The triple-angle identities yield

cos(a − 3u) + 3 cos(a + u) = 4 cos a cos3 u − 4 sin a sin3 u.

8
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Taking a = δπ/2, u = δt, one gets

Aδ

4 =


cos3(δt), δ ≡ 0 (mod 4),
− sin3(δt), δ ≡ 1 (mod 4),
− cos3(δt), δ ≡ 2 (mod 4),
sin3(δt), δ ≡ 3 (mod 4).

Thus A0 = 4, A1 = −4s3. For residues one, two and three, nonnegativity and the upper bound
one for sine and cosine on [0, π/2] give Aδ − Aδ+1 ≤ 4 directly.
For residue zero, write a = δt. Since K ≡ 3 (mod 4) and δ is a nonzero multiple of four below K,

4t ≤ a ≤ π/2 − 3t.

Consequently 5t ≤ 2a + t ≤ π − 5t, and sine symmetry and monotonicity give

r := sin(2a + t) ≥ sin(5t) = 5s − 20s3 + 16s5 ≥ 4s.

The final inequality uses 0 ≤ s ≤ 1/8.
Put x = cos a, y = sin(a + t). Elementary identities give

x2 + y2 = 1 + sr, 2xy = r + s,

and therefore

(x3 + y3)2 = H(s, r) := (1 + s)(1 + r)
(
1 − s/2 + (s − 1/2)r

)2
. (18)

We claim H(s, r) ≤ 1 for 0 ≤ s ≤ 1/8 and 4s ≤ r ≤ 1. An exact factorization makes this
elementary. With Q = r2 + 4sr + 16s2,

H(s, 4s) − H(s, r) = 1 + s

4 (r − 4s)
[
3(1 − 2s)(r + 4s)

− (1 − 2s)2Q − 3s(2 − s)
]
.

Here Q ≤ 2(r + 4s), 3/4 ≤ 1 − 2s ≤ 1, and (1 − 2s)(r + 4s) ≥ 6s. The bracket is consequently
nonnegative. Expansion also gives

1 − H(s, 4s) = s2(27/4 − 125s/4) + s4(27 − 64s2) ≥ 0.

This proves the claim. Equation (18) implies x3 + y3 ≤ 1, so Aδ − Aδ+1 ≤ 4 in the last residue
case as well. Substitution in (17) proves the lemma.

5.3 Persistence at strictly positive extrapolation

The Fourier amplitudes give the exact norm identity

∥yi∥2 = M for every i.

At extrapolation θ, the divided normal is

qℓ(θ) = qℓ(0) + θ(xℓ − xℓ−1).

By Cauchy–Schwarz, or by expanding two nonnegative squared norms,

⟨xℓ − xℓ−1, yj − yℓ⟩ = ⟨−yℓ−1, yj − yℓ⟩ ≤ 2M.

9
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Let
ε = s3

M
> 0. (19)

For 0 ≤ θ ≤ ε and j ̸= ℓ, Lemma 5.1 implies

⟨qℓ(θ), yj − yℓ⟩ ≤ −4s3 + 2θM ≤ −2s3 < 0.

Multiplying by the positive κ yields the actual dual projection inequalities. The primal projection
is unchanged. Therefore the globally defined projection iteration cycles on the points (16) for
the entire interval (19). Distinct repeating states imply nonconvergence. This completes the
mathematical proof of Theorem 1.3.
Remark 5.2 (What the limiting statement means). Suppose a universal guarantee asserts con-
vergence on every problem in the stated convex class whenever 0 < κ < c(θ) and θ > 0. For
each fixed a > 2, Theorem 1.3 supplies a counterexample at product a throughout some interval
0 < θ ≤ εa. Thus c(θ) ≤ a on that interval. Since a > 2 is arbitrary,

lim sup
θ↓0

c(θ) ≤ 2.

This is a direct consequence of the formalized quantified family, not a separate Lean limit theorem.
It does not prove that the true threshold tends to two, does not prove convergence below two,
and does not settle the behavior at κ = 2.

6 Quadratic eigenmodes and the nonlinear separation

Let H, G be self-adjoint positive-semidefinite Hessians, and consider a nonzero complex eigenmode
(x, y) of the linear CP update with eigenvalue z. Its actual equations are

zx = x − τH(zx) − τL∗y,

zy = y − σG(zy) + σL((1 + θ)zx − θx).

When both components are nonzero, define

a = τ
⟨x, Hx⟩

∥x∥2 , b = σ
⟨y, Gy⟩
∥y∥2 , c = τσ

|⟨y, Lx⟩|2

∥x∥2∥y∥2 .

These quantities are real, a, b, c ≥ 0, and c ≤ τσ∥L∥2. Taking inner products in the two equations,
and eliminating the coupling term with its correct conjugation, gives

(z(1 + a) − 1)(z(1 + b) − 1) + c((1 + θ)z − θ) = 0. (20)

For its coefficients A = (1 + a)(1 + b), B = −(2 + a + b) + c(1 + θ) and C = 1 − cθ, the three real
quadratic disk-stability expressions are

A − C = a + b + ab + cθ,

A + B + C = ab + c,

A − B + C = 4 + 2a + 2b + ab − c(1 + 2θ).

If θ > 0 and τσ∥L∥2 < 4/(1 + 2θ), these expressions give |z| < 1 for positive-definite Hessians.
For positive-semidefinite Hessians, the same argument gives |z| < 1 or z = 1. The cases x = 0 or
y = 0 are handled separately by their resolvent equations.
Formal scope. Lean verifies the eigenmode equations, the characteristic reduction, the scalar
complex-root argument, and both positive-definite and semidefinite conclusions. It does not
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merely verify a polynomial that was assumed to be the characteristic polynomial. It also does
not formalize a separate real-to-complex matrix conversion, semisimplicity of eigenvalue one, or
convergence of the full semidefinite iteration. In finite dimension, strict stability of all modes
implies convergence of the corresponding positive-definite linear iteration by standard matrix
theory. This last bridge is a conventional implication, not an additional Lean endpoint in this
package.
The distinction in the counterexamples is therefore precise: convex nonlinear projection dynam-
ics can have persistent cycles inside a parameter region where all positive-definite quadratic
eigenmodes are strictly stable. The general phenomenon that nonlinear optimization dynamics
can behave worse than their quadratic models is established prior art [6, 7]; the candidate
contribution is this explicit CP obstruction and its exact parameter statements.

7 Novelty, significance, and unresolved questions

7.1 Literature comparison

The search covered the algorithm’s CP, PDHG and Arrow–Hurwicz names; three-cycles, longer
periodic orbits, nonlinear instability, quadratic stability and phase boundaries; related ADMM
and Douglas–Rachford formulations; delayed-gradient equivalents; current preprints, journal
versions, a doctoral thesis [8], and relevant public code. Principal claims were compared against
primary sources where they were accessible. The earlier results of this collection were checked to
avoid rediscovering them.
The following distinctions are material:

• The large-extrapolation theorem [1] is unaffected. Its necessity example is scalar bilinear
and fails at 4/(1 + 2θ). The new candidate examples concern smaller step products at small
positive extrapolation.

• The sufficient condition (3) from [2] is not contradicted. The new results impose necessary
restrictions; they do not supply the improved sufficient condition sought in that paper’s
conclusion.

• Automated Lyapunov analysis [3, 4] searches for sufficient certificates. Its numerical feasibility
evidence can extend beyond the particular explicit bound (3); the horizontal parameter in
AutoLyap’s CP figure is τ = σ, so it must be squared to obtain κ when ∥L∥ = 1. We
inspected the CP discussion and associated public implementation; no matching nonlinear
cycle construction was identified. This inspection is evidence, not a proof of priority.

• The doubly relaxed CP method in [5] includes an outer parameter ρ with ρ < min(2, 2θ). At
the unmodified value ρ = 1, that theorem does not cover θ < 1/2.

• Convex interpolation, root-of-unity cycles, and periodic counterexample searches are estab-
lished techniques [6, 7]. No methodological priority is claimed for these ideas.

• Periodic proximal Arrow–Hurwicz behavior at θ = 0 is established prior art. The six-point
example discussed in [9, Section 3.2] has κ = 1 and no extrapolation. The similarly named
PDHG example in [10, Section 6.1] is also the zero-extrapolation update. The substantive
distinction here is persistence at strictly positive extrapolation; the inclusion of θ = 0 is not
itself a novelty claim.

For f = 0, the dual projection inputs can be rewritten as a two-step gradient-like recurrence

uk+1 = uk − (κ − 1 + κθ)P (uk) − (1 − κθ)P (uk−1),
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where P is a proximal map. This was included in the equivalent-method search. A change of
notation alone is not treated as evidence of originality.

7.2 Assessment

There are three reasons to regard the candidate as more substantial than an isolated computational
counterexample. First, the necessity direction for three-cycles is universal over real Hilbert spaces
and is attained exactly. Second, the rational seven-cycle is robust in both its parameters and
initial states. Third, the Fourier family keeps the dimension fixed while producing an obstruction
above every step product greater than two for sufficiently small positive extrapolation.
However, the overall small-extrapolation convergence region remains open. The explicit sufficient
bound tends to zero, while the new family approaches two; neither a matching lower bound nor a
complete classification is given. The period-three problem was isolated during this investigation
and is not represented as a previously named major conjecture. No published universal quadratic-
worst-case conjecture for this exact algorithm was identified, so no such conjecture is claimed to
be resolved.
Priority classification: provisional. No matching antecedent was found in the inspected
sources, but absence from a search does not establish originality. No independent specialist
has certified priority or significance. The results are best read as a short, rigorously checked
contribution on the necessity side of the small-θ question.

7.3 Scope and limitations

The obstructions live at very small extrapolation. In Theorem 1.3 the formal choice ε = s3/M
is about 2.1 × 10−5 at κ = 3, 1.4 × 10−6 at κ = 2.2 and 1.7 × 10−10 at κ = 2.05. The referee’s
numerical evaluation of the exact supporting inequalities suggests that the same polytopes keep
cycling up to roughly 4.3 × 10−3, 2.8 × 10−4 and 1.5 × 10−7, respectively; these larger values are
numerical observations, not theorems. The fixed triangles of Section 3 already give an obstruction
at κ = 3 for every θ < 1/6, inside the quadratic region; the Fourier family lowers the step product
from 3 towards 2.
The open basin of the seven-cycle is genuine but tiny. With integer-scaled coordinates of size
about 104, the referee observed one-step capture for perturbations of size about 5 × 10−4 and
loss of capture at size 5; most random starting points converge slowly to the saddle point. The
seven-cycle is in this sense superseded by the Fourier family, which works at every step product
above two. For the Fourier family no basin theorem is proved; small perturbations returned
exactly to the cycle in the referee’s simulations, which is an observation only. Minimal periods
are not proved, except that seven is prime.
The bound 2 in the limsup statement is not shown to be sharp; it comes from choosing frequencies
near π/2. Whether the true small-θ threshold c(θ) tends to zero, as the known sufficient
condition (3) does, or stays bounded below, remains open. The constructions use indicator
functions of polytopes; smooth or strongly convex instances are not addressed.

8 Formal verification and reproducibility

A fresh replay on 30 October 2026, compiling all 21 modules from source against a Mathlib check-
out built at the pinned revision, passed with all 45 axiom audits; its record is in verification/.
The original package also recorded a passing frozen-source run of all 21 modules with 45 audited
theorem statements on 29 October 2026.

12



Periodic obstructions for Chambolle–Pock Dev D. Goyal

The Lean project in lean/ pins Lean to leanprover/lean4:v4.19.0 and mathlib to commit

c44e0c8ee63ca166450922a373c7409c5d26b00b.

All transitive dependency revisions are recorded in lake-manifest.json. The verifier checks
the compiler version, Git revisions and tracked-tree cleanliness, then creates a fresh directory for
local proof objects. Its generated import path excludes previously compiled research modules.
Every source is compiled with trust level zero and warnings treated as errors. Sources and
configuration are hashed before and after the run.
The permitted transitive axioms are exactly propext, Classical.choice, and Quot.sound. The
source scan rejects sorry, admit, custom axiom declarations, unsafe, and native_decide. The
verifier rebuilds every local module from source; it does not rebuild the Lean compiler.

13
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8.1 Statement correspondence

Mathematical assertion Principal formal endpoint or module
Actual proximal
minimization

CPSharpness.supports_iff_isProx in Proximal.lean.

Universal three-cycle
restriction at the actual
product

CPSharpness.step_product_three_cycle_polynomial_nonneg
in GeneralSteps.lean; includes L = 0.

Exact threshold and
attained nonconvergence

CPSharpness.sharp_three_cycle_iff and
sharp_three_cycle_counterexample in PhaseDiagram.lean.

Seven-cycle on a whole
rectangle

SevenCP.actual_seven_cycle, with
strict_normal_certificate and compact_saddle.

One-step capture and open
basin

SevenCP.seven_cycle_one_step_capture and
seven_cycle_open_basin.

Actual quadratic eigenmode
stability

CPQuadratic.cp_positive_quadratic_eigenmode_stable;
semidefinite version
cp_nonnegative_quadratic_eigenmode_stable_or_one.

Fourier inequality TrigGrid.fourier_support, with the polynomial inequality
proved in TrigSupport.lean.

Actual four-dimensional
family for every κ > 2

AsymptoticCP.counterexamples_for_every_product_above_
two in AsymptoticCycle.lean; the sole input hypothesis is
κ > 2.

Independent AI referee checks examined whether the formal types contain the original step
parameters, actual global minimizers, a saddle point fixed before θ is chosen, distinct states,
the intended topology, and satisfiable numerical assumptions. The exact seven-cycle has an
additional standard-library rational audit. These checks supplement, and do not replace, the
Lean kernel check, and they are not human peer review.

8.2 Running the verification

After installing elan, run from the package directory:

cd lean
lake exe cache get
python3 verify_lean.py --mathlib .lake/packages/mathlib \

--output ../verification-replay
cd ..
python3 exact_certificate/verify_period7.py

The Python verifier accepts explicit compiler and mathlib paths. It creates a new output directory
and refuses to reuse an existing one. Its receipt records commands, exit codes, elapsed times,
source hashes, dependency pins, proof-object hashes and theorem axiom reports. The final
release includes the successful receipt and logs. No optimization package is needed to verify the
mathematical results.

9 Open questions

The unresolved questions are the sharp small-θ convergence boundary, the behavior at step
product two, and the extent to which other cycle lengths or nonperiodic dynamics impose stronger
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restrictions.

10 Research process and AI disclosure

This is fully autonomous agentic research. Dev D. Goyal is responsible for publication. The
work has not been externally peer reviewed, no expert validation is claimed, and the novelty
assessment is provisional.
The research, the constructions and certificates, the Lean formalization and an earlier report
were produced by autonomous AI research agents in an earlier session whose records do not name
the model or system used.
Opus 5.5 by Anthropic used with Claude Code assessed that package for this release. It
coordinated an independent AI referee check, which recomputed the three-cycle identity and the
seven-cycle certificate with new exact-arithmetic code and simulated the Fourier family. It ran
the fresh Lean replay described in Section 8 and rewrote this manuscript, adding the scope and
limitations in Section 7.3. On 1 November 2026 it also revised the front matter and moved this
section to the end, without changing the mathematics. AI referee checks are not human peer
review.
Lean verification establishes only the formal statements listed in Section 8; the scope and
limitations of the results are stated in Section 7.3.
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