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Abstract

Let A(t) = A0 + tA1 and B(t) = B0 + tB1 be m × n matrix pencils over an infinite field F ,
and let δ(A, B) be the least normal rank of A′ − B′ over all pencils A′ and B′ strictly equivalent
to A and B. For distinct c, d ∈ F and every integer x ≥ 0 we prove that δ(A, B) ≤ x if and only
if an explicit (2m + n) × (2n + m) dilation Kc,d(A) is obtained from Kc,d(B) ⊕ (t − d)Ix by one
constant full-row-rank matrix on the left and one constant full-column-rank matrix on the right.
No regularity, rank or spectral condition is imposed, and c or d may be eigenvalues. Over an
algebraically closed field and at anchors outside the spectra, a known theorem on strong block
minimal bases linearizations [4] turns this statement into Conjecture 1 of Dodig and Stošić [1],
which asserts that the bounded rank perturbation problem for matrix pencils is a completion
problem. The explicit theorem is formalized in Lean 4; the identification with the barred pencils
of the conjecture is not.

1 Introduction and main theorem

Dodig and Stošić asked whether the bounded rank perturbation problem for matrix pencils is just
a completion problem, and made the question precise as Conjecture 1 of [1]. This note proves an
explicit form of that equivalence over every infinite field (Theorem 1) and derives the conjecture
over algebraically closed fields from it and a cited linearization theorem (Section 9).
Let F be an infinite field, let A(t) = A0 + tA1 and B(t) = B0 + tB1 be m × n pencils over F , and let
x ≥ 0 be an integer. The dimensions m, n and x may be zero. Two pencils are strictly equivalent,
A ∼ A′, when A′ = PAQ for constant invertible matrices P, Q over F . The normal rank of a pencil
is its rank over the rational-function field F (t). Put

δ(A, B) = min
A′∼A, B′∼B

rankF (t)(A′ − B′).

The minimum is over both entire strict-equivalence classes and exists because the attainable ranks
form a nonempty set of nonnegative integers.
For pencils U and V of possibly different sizes, write U ⪯ V if there are constant matrices P of
full row rank and Q of full column rank with U0 = PV0Q and U1 = PV1Q; the same P, Q serve
both coefficients. Extending P by rows and Q by columns shows that U ⪯ V exactly when U is the
upper-left corner of a constant strictly equivalent representative of V , that is, when V is equivalent
to a completion of U .
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For c, d ∈ F define the (2m + n) × (2n + m) pencil

Kc,d(A)(t) =

A(t) 0 Im

0 0 −(t − c)Im

In −(t − d)In 0

 .

Theorem 1. For every infinite field F , all m × n pencils A, B over F , every integer x ≥ 0 and all
distinct c, d ∈ F ,

δ(A, B) ≤ x ⇐⇒ Kc,d(A) ⪯ Kc,d(B) ⊕ (t − d)Ix. (1)

No spectral avoidance, regularity, prescribed normal rank, nonzero dimension or canonical form is
assumed. The forward implication also holds when c = d; distinctness is used only in the converse.
Section 9 explains the relation to the conjecture of Dodig and Stošić [1]. The dilation Kc,d is
established block minimal bases machinery [4], and the complementary construction of Section 7
has antecedents in matrix pencil reduction [8, 5]. Neither construction is claimed here. What is new
is the argument that combines them into Theorem 1; Section 11 lists its new steps and states the
limits of the literature comparison.

Formal verification. Theorem 1 and the cancellation of Lemma 1 are proved in Lean 4. A
fresh replay on 30 October 2026 rebuilt both Lean projects against a Mathlib checkout compiled
from source at the pinned revision. All 58 modules of the main project were rebuilt, and its 276
exported theorems and the ten cancellation endpoints depend only on propext, Classical.choice
and Quot.sound. The identification with the conjecture’s barred pencils is cited, not formalized;
Section 10 states the formal scope.

2 Constant equivalence, changes of parameter and cancellation

Strict equivalence of A and B induces strict equivalence of their dilations: if A = PBQ, the
multipliers diag(P, P, Q−1) and diag(Q, Q, P −1) carry Kc,d(B) to Kc,d(A) coefficientwise. A bound
on δ may therefore be realized by representatives and a completion transported back to the original
pencils.
An invertible homogeneous coefficient change

(A0, A1) 7−→ (aA0 + bA1, cA0 + dA1), ad − bc ̸= 0,

preserves normal rank and δ. Over F (t) the transformed pencil is (a + ct) A
(
(b + dt)/(a + ct)

)
;

the fractional-linear substitution is an automorphism of F (t) and the scalar a + ct is nonzero.
Constant row and column multipliers commute with the coefficient change, so both inequalities for
the minimum over representatives follow. The formalization constructs the substitution on F (t)
and proves invariance of the actual minimum; it does not infer normal rank from finitely many
evaluations.
We also need common-summand cancellation:

U ⊕ S ⪯ V ⊕ S ⇐⇒ U ⪯ V. (2)

Lemma 1. Over an infinite field, (2) holds for arbitrary families, indexed by any set, of finite
rectangular matrices, where ⪯ uses one pair P, Q for all members of the family.
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Proof. Adjoining identities gives the implication from right to left. Conversely, a compression
supplies a linking representation T , a monomorphism (r, q) : T → V ⊕ S and an epimorphism
(p, s) : T → U ⊕ S. On the two spaces of T put hz = q + z(s − q). At z = 0 the maps (r, hz) are
injective, and at z = 1 the maps (p, hz) are onto. Each of these four full-rank conditions holds off
the roots of a nonzero minor polynomial, whatever the size of the family, so an infinite field contains
a common good z. The kernels of the two maps hz form a linking subrepresentation. The restriction
of r to these kernels is injective, and the restriction of p is onto, because every u has a lift of (u, 0)
through (p, hz). A section of the source surjection and a retraction of the target injection now give
constant full-rank compression maps from V to U .

For compressed families of equal size the compression maps are square and hence invertible, so
Lemma 1 also gives cancellation for strict equivalence, without appeal to uniqueness of the Kronecker
canonical form.

3 A decomposition at normal rank

Lemma 2. Every m × n pencil D of normal rank r over an infinite field has a decomposition

D(t) = U R(t) + L(t) V, a + b = r, (3)

where U is a constant m × a matrix, V a constant b × n matrix and R, L are pencils.

This is established structure; the proof is included so that the argument does not rely on a canonical
form.

Proof. For r = 0 the assertion is immediate. Otherwise choose e ∈ F with rank D(e) = r: a nonzero
r × r minor of D has finitely many roots, and all larger minors vanish identically. (The Lean proof
instead clears denominators in a rank factorization over F (t); two nonzero polynomial certificates
give both rank inequalities off a finite set, including rank zero.) Substitute t = e + s and normalize
D(e) by constant invertible matrices, so that the pencil becomes

M(s) =
(

Ir + sG sH
sJ sN

)
.

The block I + sG is invertible over F (s) because its determinant p(s) has constant term one. The
normal-rank bound forces the Schur complement to vanish. With Z(s) = adj(I + sG) this gives
p(s)N = sJZ(s)H. Evaluating at s = 0 gives N = 0, and cancelling s gives JZ(s)H = 0.
We show JGkZ(s)H = 0 for all k ≥ 0 by induction. Evaluating the kth identity at s = 0 gives
JGkH = 0. Multiplying (I + sG)Z(s) = p(s)I on the left by JGk and on the right by H, and
cancelling s, gives the next identity. Hence JGkH = 0 for all k.
Let W be the span of all vectors GkHv. It contains im H, is G-invariant and lies in ker J . Choose a
complement T of W in F r and put a = dim W , b = dim T . Both coefficients of M map W , together
with the residual source coordinates, into W in the target. Let U embed W into the target, let V
project the source onto T and let S include T into the source. Since V S = I, each Mj(I − SV )
factors through U , say as URj ; with Lj = MjS we obtain Mj = URj + LjV for j = 0, 1. Undoing
the constant equivalences and the translation preserves the constant factors and the affine degree.
Empty spaces are allowed throughout.
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4 The forward implication

Suppose A − B = UR + LV as in (3), and write R = R0 + tR1, L = L0 + tL1. We first show

Kc,d(A) ⪯ Kc,d(B) ⊕ (t − d)Ia ⊕ (t − c)Ib. (4)

The larger pencil has source coordinates (u, v, w, wa, wb) and outputs

Bu + w, −(t − c)w, u − (t − d)v, (t − d)wa, (t − c)wb.

Embed the smaller source by the constant substitutions

w = w′ + L(c)V u, wa = R1u + R(d)v, wb = V u,

and map the five outputs (f, g, h, j, k) by the constant map

(f, g, h, j, k) 7−→
(
f + Uj + L1k + UR(d)h, g + L(c)k, h

)
.

The composite is exactly (Au + w′, −(t − c)w′, u − (t − d)v). The source embedding is injective
and the output map is onto, because their retained-coordinate diagonal blocks are identities. This
proves (4) coefficientwise.
To move every added scalar block to the anchor d we use an anchor interchange valid for every
pencil. Put ∆ = c − d and define constant maps

Qcd(u, v, w) =
(
u + ∆v, v, w − ∆A1u − ∆A(c)v

)
,

Pcd(f, g, h) =
(
f + ∆A1h, g − ∆f + ∆A(d)h, h

)
.

Direct multiplication gives
Pcd Kc,d(A) Qcd = Kd,c(A), (5)

and interchanging c and d gives the inverse maps. Identity (5) holds over every field, without
spectral assumptions and even for c = d.
Put M = B + UR. Applying (4) to M − B = UR, with only the left factor, gives Kc,d(M) ⪯
Kc,d(B) ⊕ (t − d)Ia. Applying (4) to A − M = LV with the anchors interchanged, and then (5) to
both dilations, gives Kc,d(A) ⪯ Kc,d(M) ⊕ (t − d)Ib. Composing the two constant compressions
gives a completion with a + b = r scalar blocks at d. If r ≤ x, embed these r coordinates into x
coordinates and discard the remaining outputs; the maps stay constant and of full rank. Finally,
choose A′ ∼ A and B′ ∼ B with rankF (t)(A′ − B′) ≤ x, apply the construction and transport back
by the multipliers of Section 2. This proves the forward implication of (1).

5 A fixed factor from a completion

Lemma 3. Let X, Y be pencils of the same size, let f = t − d, and suppose rank X(d) = rank Y (d)
and X ⪯ Y ⊕ fIx. Then there is a constant matrix E with rank E ≤ x and

X − fE ∼ Y. (6)
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Proof. Realize the compression as the corner of a strictly equivalent completion. At d the completion
has the same rank as its corner X, so constant border shears that fix the corner make all off-corner
blocks vanish at d. Since the entries are affine, the completion becomes(

X fU
fV fZ

)
with U, V, Z constant. It remains to make Z invertible while keeping X.
For a pencil M0 + fM1, the map ker M0 → coker M0 induced by M1 has a rank invariant under
constant strict equivalence; for Y ⊕ fIx this rank is at least x. In the corner decomposition let H be
this map in coordinates, with the x new source and target coordinates last, so that its lower-right
block is Z. Adding vectors of ker X(d) to border columns and covectors annihilating im X(d) to
border rows keeps X and replaces Z by [T, I] H [S; I].
Such S, T exist because rank H ≥ x. Choose an x-dimensional embedding J with HJ injective, let
e be the standard embedding onto the last coordinates and put Jz = e + z(J − e). The projection
of Jz onto the last coordinates is invertible at z = 0, and HJz is injective at z = 1; avoiding the
two finite exceptional sets and normalizing the last block gives [S; I] with H[S; I] injective. For an
injective map [a; b], extend the restriction of b to ker a to an automorphism and factor the difference
through a; this gives a row graph [T, I] with Ta + b invertible. Apply this to H[S; I].
After these constant shears Z is invertible, and constant Schur elimination splits the pencil as
(X − fUZ−1V ) ⊕ fIx. Cancelling fIx by Lemma 1 and taking E = UZ−1V proves (6) with
rank E ≤ x. No polynomial row operation or division by f is used, and x = 0 is included.

6 A rank-distance bound for kernel and quotient compressions

Lemma 4. Let Gi be N × N , Xi full-column N × a and Yi full-row b × N matrices for i = 0, 1.
Choose full-row Qi and full-column Ki with ker Qi = im Xi and im Ki = ker Yi, and set Pi(z) =
Qi(Gi + zI)Ki. Then

δ(P1, P0) ≤ rankF

(
G1 − G0 X1 − X0
Y1 − Y0 0

)
. (7)

This holds over every field.

Proof. If two injections X0, X1 agree modulo a subspace U , there is an automorphism S with
SX0 = X1 and im(S − I) ⊆ U : their preimages of U coincide, the induced isomorphism of their
images inside U extends to an automorphism of U , then compatibly to U + im X0 = U + im X1,
and by the identity on a complement. With U = im(X1 − X0) the displacement factors as
S − I = (X1 − X0)D. Dually there is an invertible T with Y1T = Y0 and T − I = W (Y1 − Y0).
Write Li = Gi + zI, ∆X = X1 − X0, ∆Y = Y1 − Y0 and ∆G = G1 − G0. Expansion gives the
identity

L1T − SL0 =
[
I, L1W

] (∆G ∆X
∆Y 0

)[
I

−DL0

]
.

The choices Q0S−1 and TK0 are valid quotient and kernel maps for X1, Y1, and the resulting
compressed pencil differs from P0 by Q0S−1(L1T − SL0)K0, whose normal rank is at most the
bordered rank. Any two full quotients with the same kernel, and any two full injections with
the same image, differ by constant invertible maps, so the bound holds for the strict-equivalence
classes.
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7 Complementary pencils and their contraction

Let L(z) = E + zH be a pencil whose coefficients have no common right kernel and whose coefficient
images span the target. Factor E = UV and H = XY at their ranks, so that U, X are injective and
V, Y are onto. Then [U, X] is onto and [V ; Y ] is injective. Choose a full kernel map K of [U, X] and
a full quotient map Q with ker Q = im[V ; Y ], and put

L#(z) = Q diag
(
zIrank E , Irank H

)
K. (8)

This determines a strict-equivalence class: other rank factorizations change the internal spaces by a
block-diagonal automorphism that commutes with the diagonal pencil, other kernel and quotient
bases give constant strict equivalence, and a common constant equivalence of E, H transports the
construction. Intrinsically, the source of L# is H−1(im E)/ ker H and its target is im E/E(ker H),
with coefficients induced by E and H. This is the observation/control reduction of matrix pencils
in the form given by Verdier [8, §2.2]; related kernel-based dualities are developed by Noferini and
Poloni [5].

Lemma 5. Suppose Li = E + zHi for i = 0, 1 share E, that rank E = rank H0 = rank H1 = N ,
and that both pairs satisfy the kernel and image conditions above. Then

δ(L#
1 , L#

0 ) ≤ rank(H1 − H0). (9)

Proof. Normalize E to diag(IN , 0) by a common constant equivalence. Further common shears that
keep E make the leading N × N blocks of both Hi invertible: factor Hi through N -dimensional
spaces; for each injective factor some left graph [I, U ] makes it invertible, and interpolating between
two such choices gives one graph that works for both. Dually one right graph [I; V ] works for both
surjective factors, and the infinitely many field elements avoid the finitely many determinant roots
simultaneously. In this common chart

Hi =
(

Gi Bi

Ci CiG
−1
i Bi

)
,

where the lower-right block is forced by rank Hi = N . The kernel condition makes Bi of full column
rank and the image condition makes Ci of full row rank. Put

Φ(Hi) =
(

G−1
i −G−1

i Bi

CiG
−1
i 0

)
.

Block multiplication gives

Φ(H1) − Φ(H0) =
(

−G−1
1 0

−C1G−1
1 I

)
(H1 − H0)

(
G−1

0 −G−1
0 B0

0 I

)
,

and the outer factors are invertible, so the rank of the difference is preserved exactly. Choose Qi, Ki

with ker Qi = im(G−1
i Bi) and im Ki = ker(CiG

−1
i ). In (8) the kernel and quotient may be taken as

[−Ki; G−1
i Ki] and [−Qi, Qi], whose product with the diagonal pencil is Qi(G−1

i + zI)Ki. Lemma 4
with Xi = −G−1

i Bi, Yi = CiG
−1
i and the pivoted matrices, together with the rank identity above,

gives (9). Invariance of (8) removes every choice of chart and factorization.
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8 Recovery from the dilation and the converse

Write V = F n, W = F m, ∆ = c − d, Ad = A(d) and Ac = A(c). The evaluated dilation coefficients
E = K(A)(d) and H = K(A)(c) factor through J = V ⊕ W :

UE(u, w) = (Adu + w, ∆w, u), VE(u, v, w) = (u, w),
UH(k, h) = (h, 0, k), VH(u, v, w) = (u − ∆v, Acu + w).

The left factors are injective and the right factors onto, so E and H both have rank m + n. Since
∆ ̸= 0, their common kernel is zero and their images span the target. A kernel and a quotient for
the construction of Section 7 are

K̂x =
(
(x, 0), (−x, −Adx)

)
, Q̂

(
(u, w), (k, h)

)
= Acu + w − h :

indeed ker[UE , UH ] = im K̂ and ker Q̂ = im[VE ; VH ], the latter using ∆ ̸= 0 to solve v = (u − k)/∆.
Consequently

Q̂ diag(zI, I) K̂ = Ad + zAc. (10)

This holds for every A, including anchors in the spectrum, and does not use any identification with
barred pencils.

Proof of the converse in Theorem 1. Assume K(A) ⪯ K(B) ⊕ (t − d)Ix. Both dilations have rank
m + n at d, so Lemma 3 with X = K(A) and Y = K(B) gives a constant E0 with rank E0 ≤ x and

L1 = K(A), L0 = K(A) − (t − d)E0 ∼ K(B).

Apply the common invertible coefficient change L̃i(z) = Li(d) + zLi(c), of determinant c − d. The
common constant coefficient has rank m + n, both leading coefficients have that rank, and the
kernel and image conditions follow from the explicit factorizations and strict equivalence. Moreover
H1 − H0 = (c − d)E0. By (10) the complements lie in the classes of A(d) + zA(c) and B(d) + zB(c),
so Lemma 5 gives

δ
(
A(d) + zA(c), B(d) + zB(c)

)
≤ rank

(
(c − d)E0

)
≤ x.

Invariance of δ under coefficient changes (Section 2) returns this to δ(A, B) ≤ x.

9 Relation to the conjecture of Dodig and Stošić

Over an algebraically closed field, let Ā denote the class obtained from A by increasing every left
and right minimal index by one while keeping the nontrivial homogeneous invariant factors, as in [1,
Definition 2.1]. If c, d are distinct and not eigenvalues of A, and r is the normal rank of A, strong
block minimal bases theory gives

Kc,d(A) ∼ Ā ⊕ (t − c)Ir ⊕ (t − d)Ir. (11)

Use the dual minimal bases [I, −(t − d)I] and [(t − d)I; I] and the corresponding pair at c in
Theorems 3.3 and 3.6 of Dopico, Lawrence, Pérez and Van Dooren [4]. The resulting strong
linearization of (t − c)(t − d)A in grade three shifts both lists of minimal indices by one and, at the
two anchors outside the spectrum, adds r simple elementary divisors each. Reversal in grade three
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multiplies rev1 A by (1 − cs)(1 − ds) and so preserves the infinite elementary divisors. This proves
(11) from the cited theorem.
For pencils B and C of normal ranks n + ρ and n as in [1], and x ≥ ρ, the right side of (1) becomes

B̄ ⊕ (t − c)In+ρ ⊕ (t − d)In+ρ ⪯ C̄ ⊕ (t − c)In ⊕ (t − d)In+x.

Cancelling the common summand (t − c)In ⊕ (t − d)In+ρ by Lemma 1 gives

δ(B, C) ≤ x ⇐⇒ B̄ ⊕ (t − c)Iρ ⪯ C̄ ⊕ (t − d)Ix−ρ,

which is the substantive assertion of Conjecture 1 of [1], equations (5.38)–(5.39). Dodig and Stošić
proved it when the rank bound is one, for pencils of full row rank, and when the bound equals the
rank distance [1].

Corollary 1. The equivalence (5.38)–(5.39) conjectured by Dodig and Stošić [1, Conjecture 1] holds
over every algebraically closed field.

The corollary rests on Theorem 1, Lemma 1 and the cited identification (11); the latter is not
formalized here. Theorem 1 also covers infinite fields that are not algebraically closed and anchors
in the spectrum. There (11) cannot be used: for A = t − c the dilation K(A) has Smith form
diag

(
1, 1, (t − c)2(t − d)

)
, whereas A ⊕ (t − c) ⊕ (t − d) has a second determinantal divisor divisible

by t − c. The proof of the converse avoids this through the direct recovery (10).

10 Formal verification

The package contains two Lean projects that pin Lean 4.35.0-rc3 and the Mathlib commit

0db6cb99b412983de54b59ecc1b0b2747542cda3.

The project lean_p1 proves the cancellation of Lemma 1 for rectangular matrix families over an
infinite field (MatCP1.matrix_common_summand_cancellation). The project lean_p1_converse
depends on it and proves Theorem 1. Its endpoint MatCP1Converse.dilation_rank_distance_iff
states, for an infinite field, arbitrary finite index types, distinct c, d and every natural number
k, that Pencil.orbitDistance of the two pencils is at most k if and only if there are matrices
P and Q with P.mulVec surjective, Q.mulVec injective and the two literal coefficient equations
for Kc,d(A) and Kc,d(B) ⊕ (t − d)Ik. Here Pencil.normalRank is the rank over RatFuncF of
A0 +XA1, Pencil.orbitDistance is the least x for which representatives of both strict-equivalence
classes have normal-rank difference at most x, and strict equivalence uses constant matrices
with two-sided inverses. The equivalent family forms are matrix_dilation_completion_iff and
matrix_dilation_completion_iff_nat.
Every step of Sections 2–8 is proved inside the formal development; no canonical form, rank
factorization, chart or complement is assumed as a hypothesis of the endpoint. The identification (11)
with barred pencils and the corollary are not formalized. Each project’s script verify.sh rebuilds
the project, rejects sorry, admit, axioms and native_decide in the sources and prints the axioms
of every exported theorem; only propext, Classical.choice and Quot.sound occur. The package
README gives the commands. Lean verification establishes only the formal statements described
here.
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11 Prior work and limits

The dilation Kc,d belongs to the block minimal bases linearizations of Dopico, Lawrence, Pérez and
Van Dooren [4]; the complementary construction of Section 7 is the observation/control reduction
of Verdier [8], with related dualities in Noferini and Poloni [5]; the decomposition of Lemma 2,
generic-rank arguments and principal pivoting are standard. Szántó and Szöllősi [6] treat subpencils
and one-sided criteria. These ingredients are not claimed. What is offered is their combination
into Theorem 1: the anchor interchange (5), the cancellation of Lemma 1 in this generality, the
fixed-factor extraction, the contraction estimate (9) and the recovery (10).
The novelty assessment is provisional. Three directly relevant articles could not be read in full
during the literature comparison: Dodig and Stošić on minimal rank perturbations [2], Dodig on
completions of size two [3] and Szántó on submodules of Kronecker modules [7]. Some of their
results may overlap with parts of the argument, in particular with the cancellation lemma. Searches
in October 2026 found no general proof of the conjecture, but a search cannot establish that none
exists. No priority is claimed, and no expert has reviewed the result.

12 Research process and AI disclosure

This is fully autonomous agentic research. The theorem, its proof, the Lean formalization, the
literature searches and an earlier version of this note were produced by autonomous AI research
agents in an earlier session. The records of that session state that two of its novelty reviews
used GPT-6.1 Terra and GPT-6.1 Sol; they do not name the system used for the proof and the
formalization.
Opus 5.5 by Anthropic used with Claude Code assessed the package for this release. It compared
the Lean definitions of the dilation, the compression relation, normal rank and the orbit distance
with the statement of Theorem 1, read the complete argument, ran the fresh Lean replay described
in Section 10, and rewrote the note in this form. Searches it ran in October 2026 found no published
proof of the conjecture; it could not open the arXiv records or the three articles listed in Section 11,
so the comparison with them relies on the earlier session’s audit. The editorial revision of 1 November
2026, also made with Opus 5.5 by Anthropic used with Claude Code, changed the presentation only,
not the mathematics or the formalization.
Dev D. Goyal is responsible for publication. The work has not been externally peer reviewed; no
expert validation is claimed, AI checks are not human peer review, and the novelty assessment is
provisional. Section 10 states the formal scope, and Section 11 the remaining limits.
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