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Abstract

For an ordered real matrix, write Py(A4) =3, g™ () I1; @i,0:)- We give an explicit integer
Gram matrix of order 896 and rank three whose derivative at ¢ = 1 is strictly negative.
Its certificate uses a four-row symmetry and exact integer polynomial arithmetic; all input
vectors are listed. An explicit scalar multiple plus the identity is an integer positive-definite
counterexample, with a fully specified rational decreasing pair in (0,1), and identity padding
gives real positive-definite counterexamples in every order N > 896. This answers the real-
symmetric case of the Bapat—Lal monotonicity conjecture on [—1, 1] negatively, and refutes da
Fonseca’s extended conjectures inside the original interval. We also derive the complete limiting
endpoint functional for bounded fixed-rank perturbations I + (t/N)VVT. For nonzero limiting
covariance, below tApax(X) = 1 the endpoint derivative is eventually positive for every ordering.
Convergence of the ordered empirical measure gives an explicit positive first-order limit. An
operator factorization of the complete endpoint score yields a stronger spectral obstruction: a
negative limit at scale N2 per(Ay) requires at least three covariance eigenvalues strictly larger
than 1/t. If tA1(X) > 1 > tA3(X), the normalized derivative instead has an explicit strictly
positive lower bound, for every ordering; this includes every supercritical real perturbation of
latent rank two. For a convergent supercritical row cloud, uniformly random orders have a fixed
positive normalized derivative except on an exponentially small fraction of labelled permutations.
Above the threshold, anisotropic spherical families yield correlation counterexamples with off-
diagonal entries O(N 1), least eigenvalue tending to one, and condition number tending to 227
in latent rank four or 20001 in latent rank three. A Lean 4 development proves the endpoint
identity, the soundness of the integer certificate and the reductions to rational positive-definite
counterexamples in every order N > 896; the finite integer comparison itself is checked by two
independent exact programs, and the analytic asymptotic proofs are conventional.

1 Results and context

For o € S,, let

inv(o) = #{(i,4) :i <j, o(i) > 0(i)},  P(A) = > ¢ [] a0
i=1

O'GSn

The convention is 0° = 1, and Dy(A4) = d%Pq(A). The fixed order matters. A simultaneous
relabelling by an arbitrary permutation generally changes this polynomial. At ¢ = —1,0,1 it
gives the determinant, the diagonal product, and the permanent, respectively. Bapat and Lal’s
monotonicity conjecture asks whether a non-diagonal positive-definite matrix has strictly increasing
g-permanent on [—1, 1] [2, 3]. Mitchell proved the equivalence with a positive-semidefinite formulation
with positive diagonal, and established rank-one and order-three cases [12].



Da Fonseca conjectured strict monotonicity of the g-permanent of a real symmetric positive-
definite matrix on an interval with left endpoint at or below —1 and right endpoint +oo [4,
Conjecture 1], and restated it with left endpoint strictly below —1 [5, Conjecture 2]; both contain
the real-symmetric case of the Bapat—Lal assertion on [—1,1].

Kitamura’s public Lean proof supplies a complex Hermitian order-144 counterexample by a
negative derivative at one [8]. The public problem record, consulted on 1 November 2026, explicitly
distinguishes that result from the real-symmetric case, which it lists as unsettled [13]. A companion
paper gave real positive-definite counterexamples to da Fonseca’s conjectures in the extended range
g > 1 [7]; it left the real-symmetric question on [—1,1] open. The present paper concerns that
original interval, with a negative derivative at its positive endpoint and strict decrease at two
parameters in (0, 1). The real-symmetric case of the Bapat—Lal conjecture is therefore false, and
da Fonseca’s conjectures fail inside the original interval as well as above it. The mean-field theory
below additionally explains an obstruction to arbitrarily weak perturbations within the fixed-rank
mechanism.

Theorem 1.1 (A finite real endpoint counterexample). The ordered integer rows in Appendiz A,
interpreted by the four-row rule in Section 3, define a Gram matriz B € Z89>8% of rank exactly
three, with positive diagonal, such that

Dy (B) < 0.

The stronger exact certificate margin is recorded in Table 1. In particular there are a real positive-
definite matriz of this same order and rational 0 < q1 < g2 < 1 with Py,(A) < Py, (A).

The positive-definite and rational-parameter conclusion is elementary: the endpoint derivative is
continuous in the entries and in ¢; adding a sufficiently small positive diagonal preserves its strict
negative sign, and a small interval immediately to the left of one contains a rational decreasing
pair. Section 4 strengthens this to a specific integer positive-definite matrix and a specified pair.
It follows immediately that real positive-definite counterexamples exist in every order N > 896:
use A & In_ggs. Every nonzero permutation term fixes the trailing identity coordinates, and these
coordinates introduce no inversions, so Py(A @ In_ggs) = P;(A) for every real q.

Theorem 1.2 (Bounded-condition asymptotic families). There are explicit real algebraic positive-
definite correlation matrices Cn in every sufficiently large order such that

I -
NosP N(N —1)perCy 40000’

and
)\min(CN) — 1, HQ(CN) — 227.

In particular ko(Cn) < 228 eventually. Before diagonal normalization, the matrices are In +
(904/N)VN Vi with four real columns in Vi.

A second four-column family has limiting condition number 256 and the larger normalized
derivative margin —1/1000.

With three columns instead, another explicit family has off-diagonal bound 60000/N, limiting
condition number 20001, and normalized endpoint derivative limit less than —1/800.

These are eventual-order conclusions, with no new explicit sufficient order claimed. They are
not assertions of convergence to the identity in operator norm: finitely many eigenvalues remain
separated from one. They are also different families from the finite certificate. The full proofs,
including the algebraic grids and all constants, are Theorems 10.2, 11.2, and 11.3.



Theorem 1.3 (A strict fixed-rank obstruction). Let uniformly bounded real rows of a fized latent
dimension satisfy N"'VEVy — % # 0. For fized t > 0, if t Amax(3) < 1, then

Di(Iy + (t/N)VNVE) > 0

for all sufficiently large N, for every sequence of row orderings. The same holds after correlation
normalization. With convergence of the ordered empirical measure, an explicit strictly positive limit
of D1/(N per) is given in Theorem 6.3.

Thus limiting condition number below two is an obstruction for this bounded-row, fixed-rank
scaling. This theorem does not extend its conclusion to every positive-definite matrix of condition
number below two. Nor is the coherent-saddle transition automatically the transition in the sign of
D;. Indeed, Corollary 6.2 shows that a limiting row law independent of position gives a strictly
positive leading endpoint derivative even above that threshold. The complete ordered functional
therefore distinguishes these positive configurations from the counterexample orderings.

Theorem 1.4 (A third-eigenvalue obstruction). Let r > 1 be fized, ||v; x| < L, and N~'VEVy — 3.
List the covariance eigenvalues in decreasing order, setting A3(X) = 0 when r < 3. For fized t > 0, if

t\ (Z) > 1 and t)\g(z) <1,
then, for every sequence of row orderings,

- Dy(Iy + (t/N)VN V) - (tA(X) — 1)2

> 0.
N—oo N(N —1)per(In + (¢/N)VNVE) = 64rt2LA

The same normalized ratio is unchanged by correlation normalization.

Thus a large largest eigenvalue alone is insufficient for the negative endpoint mechanism. For
a strictly negative N2-scale normalized liminf, at least three covariance modes must exceed the
threshold 1/¢. The theorem allows equality for the third eigenvalue and places no upper bound
on the first two eigenvalues. In latent rank two its explicit lower bound has denominator 128¢2L4;
together with Theorem 1.3, this gives eventual positivity at every noncritical strength. Section 12
proves the stronger inertia statement behind this obstruction and treats its exact scope.

Contribution and verification scope. The Gaussian representation of a permanent is standard;
applications to spatial permutations and related asymptotics appear, for example, in Fyodorov and
Muirhead [6]. The new results here are the finite real certificate, its symmetry reduction, the complete
ordered endpoint functional, the strict subcritical asymptotic, and the stated bounded-condition
counterexamples, together with the full-score operator factorization, quantitative contraction gap,
and third-eigenvalue obstruction. Literature searches before and after the derivations found no
matching prior results in the primary sources examined. This is a bounded novelty assessment,
not a certification of priority. The ordinary permanent-on-top and subset-preserving g-permanent
inequalities are different statements; counterexamples to them are not used as counterexamples to
monotonicity. A public manuscript of ligsweep claims permanent-on-top for real positive-semidefinite
matrices of rank at most two [11]. As discussed in Section 12.3, this has a qualitative endpoint
consequence after diagonal addition. We do not claim priority for that rank-two qualitative sign.
The proof of Theorem 1.4 is independent of that manuscript and gives an explicit asymptotic margin
in arbitrary fixed latent dimension. Corollary 13.1 further shows that negative endpoint orders
occupy an exponentially small fraction of labelled permutations of a convergent supercritical row
cloud. This is a consequence of the product-limit formula and bounded-difference concentration,
not a claim that the counterexample orders have disappeared.



2 The endpoint identity
Let v1,...,v, € R" be ordered rows, B;; = v; - vj, and ¢;(2) = v; - z. For a polynomial p = 3", ca2?,

its Fischer norm is
IpllE = alleal®.
o

For an exterior-vector-valued polynomial, sum these norms over an orthonormal exterior basis. Put
=114 G=>_(virnv) ]
i i<j a#i,j

Lemma 2.1 (Gram and ordered wedge identities). One has

n
per B=|flf, ~ 2D:i(B)= <2> IF1IE = IGIIE-

Proof. Expanding the product polynomial, a monomial exponent records the number of rows
assigned to each coordinate. Pairing two assignments with the same exponent gives a! bijections of
equal colors, exactly the terms in the permanent expansion. This proves the first identity, and the
same argument applies to complementary row and column lists.
Expand ||G|% and use
<’Ui ANvj, v N ’Ul> = bikbjl — bilbjk'

For a fixed permutation monomial []; b; ;(;) and a fixed row pair ¢ < j, the contribution is +1 if
o(i) < o(j) and —1if (i) > o(j). Summing over row pairs gives (;) — 2inv(c). Thus

”GH% = Z ((g) - 21“"(")) Hbi,a(i)7

which is the second identity. This is the ordered-wedge formulation used in [8]; our real-rank-three
coefficient and polynomial versions are included in the formal development. O

For nonzero rows f # 0, so its norm and the permanent are positive. Consequently the
dimensionless score

G
R(B) = 7%
(B) (3) per B
exceeds one exactly when Dq(B) < 0, and
n(n —1)per B 4

Both sides are unchanged by scaling each row by an arbitrary nonzero real number. This follows
since every permutation monomial is multiplied by the same positive product of squared row scales.

3 A four-row integer certificate

3.1 The word and its compressed recurrence

For a type (a,b,c), define the two ordered pairs

L= ((—a,b,c),(—a,—b,c)), R = ((a,b,c),(a,—b,c)).



Starting with an empty word, read the type list from inner to outer and replace the current word
W by L, W, R. This completely specifies the row order. The resulting word has four rows per type.
Write X = 22, Y =¢?,Z = 2% and

p=aX? + 'Y+ 2% - 20°02 XY — 2d°AX 7 — 20°PY 2. (2)
The product polynomial is f(z,y,2) = F(X,Y, Z). Its actual wedge has the parity decomposition
Go1 = yzUn(X,Y, Z) + 22 Vou (X, Y, 2),

Goz = Un2(X,Y, Z),
G2 = 2y Un2(X,Y, Z) + Vi2(X, Y, 2).

Initially F' = 1 and the other five polynomials are zero. All arithmetic below is over Z. Subscripts
denote partial derivatives in the squared variables. One outer type updates the six polynomials by

F'=pF, (3)
Uy = pUo1 + 8ac{b’F + 20X Fx + (a*X + b’Y — *Z)Fy }, (4)
Usy = pUnz + 8ac{(a>X — PZ)F + X (a®X — b°Y — *Z)Fx

+ Z(a®X + VY — *Z)Fz}, (5)
Uly = pUrz + 8ac{—b*F + (a®X — b?Y — 2 Z)Fy — 20*ZFy}, (6)
Vor = pVo1 + 8a’bcF, (7)
V/y = pVig + 4bc(a®X — b2Y + 2Z)F. (8)

Lemma 3.1 (Exact recurrence). Equations (3)—(8) give the ordinary product and actual ordered
wedge polynomials of the specified row word.

Proof. For concatenated words with pairs (f, G) and (h, H), separate wedge pairs within each word
and crossing between them. The cross sum is V f A Vh, so concatenation gives

(£,G) | (h,H) = (fh,hG + fH + V f A Vh).

For the negative and positive pairs their products are ¢ = (cz—ax)?—b*y? and ¢y = (cz+ax)?—b?y?;

their wedge vectors are (2ab, 0,2bc) and (—2ab, 0,2bc). Applying concatenation twice gives
fl=a-q+f G =pG+f(H+E)+VfNK,
where direct differentiation gives

H = (8ab’cyz, 8ac(a*X — *Z), —8ab*cxy),
E = (8a%bczz, 0, 4bc(a®X — b*Y + 2Z)),
K = 4dac(z(—a®X — VY + ?2Z), 20%zyz, 2(a*X —b*Y — 22)).

Use f, = 2xFx, fy = 2yFy, f. = 22F7 and collect the five indicated parity classes. This gives the
displayed recurrences and proves the assertion by induction. O

For e € {0,1}% and Q = >, Qu XY *1 Z%2 put

Ne(Q) = ZQ%(2OLU + eo)!(2a1 + 1) (2a2 + e2)!.
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Distinct physical exponent parities are Fischer-orthogonal. Hence

P := per B = Nyo(F), (9)
Ty = No11(Uor) + Nooo(Un2) + Ni1o(Ui2), (10)
T := ||G|% = Ty + Nio1 (Vo) + Nooo(Viz) > Ty (11)

The exact integer inequality Ty > (5) P therefore suffices for a negative endpoint derivative. The
two correction terms need not be evaluated for that conclusion; they are retained in the independent
full-wedge arithmetic check.

3.2 The finite data and sign

Table 1: Exact finite witness. Ratios displayed as decimals are explanatory; the strict rational
inequality is checked on the full integers.

Quantity Value or exact bound
Order / number of four-row types 896 / 224

Rank of the integer Gram matrix 3

Largest absolute row coordinate 32

Largest Gram diagonal entry 2490

Nonzero row minor (one-based indices) (417,418,477), determinant 1012
Number of decimal digits of P 4152

Three-component ratio Ty /((*3°) P) 1.0019230541058451 . . .
Full-wedge ratio T/((*)°) P) 1.0019250593839399 . . .
Exact strict certificate 10007y > 1001(836)]3
Consequence for Dy (B)/ per B < —5012/25
Consequence for D1(B)/(896 - 895 per B) < —1/4000

Explicit positive-definite scaling M = 10%n3 7193231360000

Entry bound for A= MB +I: H=2490M +1 17911146086400001

The exact report stores P, Ty, T and all five component norms as decimal integers. The SHA-256
of the inner-to-outer input file is

7220026a9fb5b2d9e62e£46b9b7196b2f£768b4841£f71ccb4b5275ee445987751.

The data in Appendix A specify every row, without any optimization routine or floating-point
number in their definition. Applying the integer recurrences and factorial sums gives the exact strict
inequalities in Table 1. Lemma 2.1 then proves the negative sign. Positive semidefiniteness follows
from B = VVT. A nonzero three-by-three minor specified in the table proves rank three; each row
is nonzero, so every diagonal entry is positive. This proves Theorem 1.1.

The accompanying package also records the full integer numerators and denominator of the
rational pair specified in Section 4. The common denominator has 16834 decimal digits; its compact
exact formula is preferable in the mathematical text.

The exact engine compares integers, not the displayed decimal ratios. A second, independent
program uses neither the four-row symmetry nor the recurrences above. It expands the ordinary
product and ordered-wedge recurrences

=7, Sl = Sol + v f, Gy = Gapl + vpSa — v4.Sp



row by row in the actual order, where ¢ = v - z is the new row form and S, = 0f/0z,, and evaluates
P and the Fischer norms of every exponent-parity class of the three components of G modulo 500
primes between 230 and 23!. Every permutation monomial has absolute value at most []; b, so
P < nl!T], bi; and each parity-class norm is at most (g)n' [L; bii- The product of the primes exceeds
this bound, which has 15471 bits. The Chinese remainder theorem therefore determines P, Ty and
T exactly from the residues, and all three agree with the integer report. The only nonzero parity
classes are the five in (9)—(11). This determination is independent of Lemma 3.1; it relies only on
Lemma 2.1 and exact arithmetic. The precise Lean proof boundary is given in Section 14.

4 An explicit integer positive-definite counterexample from a finite
certificate

This section converts a finite positive-semidefinite endpoint certificate with a specified margin into
an integer positive-definite matrix and two specified rational parameters in (0,1). The estimates
below are conventional proofs; their explicit numerical regularization is separate from the scope of
the Lean certificates reported elsewhere.

For an ordered k-by-k positive-semidefinite matrix C, write D1(C) = P{(C), ¢, = (g), and

2
T(C) =

S Av) T] (v 2)

i<j a#i,j

5 C = (Ui . Uj)i,j-
F
Thus 2D1(C) = ¢ per C — T(C). The empty permanent is one. For I C [n], let Doy, (B[I]) denote

the derivative obtained by allowing permutations on I and fixing every index in [n]\ I, with inversions
counted in the original order on [n].

Lemma 4.1 (A uniform bound for embedded principal derivatives). Let B be a real positive-
semidefinite matriz of order n > 2, let I C [n], and put k = |I|, j =n —k. Then
Cr + Cz ij

| Demb (B[I])] < {2 + 2}perB[I] < n* per B[I]. (12)

Proof. For C = B]I], define the permanental cofactor matrix
Fab(o) = Cab perc(a | b)v

where C(a | b) deletes row a and column b. The matrix (per C(a | b))qy is a Gram matrix of the
products of all but one row form, in the Fischer inner product. The Schur product theorem therefore
shows that F'(C) is positive semidefinite. The singleton case of Lieb’s permanent inequality [10]
gives Foq(C) < per C, and hence

|Fu(C)| < per C. (13)
For each fixed index u ¢ I, write

cut, F(C) = Z F(C),
a,bel

a<u<b

with the labels on I inherited from [n]. Inserting the fixed index w contributes twice the number of
active indices mapped from its left to its right. Summing over permutations gives the exact identity

Demb(C) = D1(C) +2)  cut, F(C). (14)
ug¢l



There are at most k?/4 pairs crossing each cut. Thus (13) bounds the second term in (14) in
absolute value by jk? per C/2.
Each of the ¢, summands in the exterior polynomial defining 7'(C') has squared Fischer norm

(Caacrr — %) per C{a, b}°] < caacyy per C[{a,b}¢] < per C.
The final inequality follows by applying the singleton form of Lieb’s inequality twice. The triangle
inequality, or Cauchy—Schwarz, now gives T(C) < ¢2 per C. Therefore
2

Dy(O) < E % per

The same statement holds for £k = 0,1, when both sides involving the derivative vanish. These
estimates prove the first inequality in (12). For k > 1, (cx+c3)/2 < k*/2, while jk?/2 < n?/2 < n%/2.
This proves the second inequality; the case k = 0 is immediate. O

Theorem 4.2 (Explicit integer regularization). Let n > 6, and let B be an integer real positive-
semidefinite matriz of order n whose diagonal entries are at least one. Suppose that

1001 (n
T(B — B. 15
B) > 1000 (2) per (15)
Set
M =10*n3, A=MB+1I,, Hy = max bj;, H = MHy +1. (16)
(]
Then A is an integer positive-definite matriz, its entries have absolute value at most H, and
n(n —5)
Di(A) < —M"———= B . 1

1(A) < 50000 D" <0 (17)

Its least eigenvalue is at least one, and is exactly one when B is singular. If B has rank r < n, then
precisely n — r eigenvalues of A equal one.

Proof. Put n = M~!. Expansion in the diagonal additions gives

Di(B+nl,) =Di(B)+ > 0V Doy (B[J°). (18)
o#JC[n]

The diagonal assumptions and the iterated singleton form of Lieb’s inequality imply per B[J¢] < per B
for every J. They also imply per B > [, b;; > 1. By Lemma 4.1, the sum in (18) has absolute value
at most

n* per B((1+1)" —1).

Since nn < 1/2, the inequalities (7;) < nJ and the geometric-series formula give

o
(L) = 1<) () = 5 T < om.

j=1 -
The perturbation in the derivative is consequently at most 2n°nper B = n? per B/5000. On the
other hand, (15) and the endpoint identity imply

n(n —1)
Dy(B - B.
1(B) < 1000 ¢

8



Combining the last two estimates yields

2

n(n—1) n n(n —5)
Dy(B +nl,) < — _ p=_"""9 B <o0
1(B 4 nln) < < 4000 5000) per 20000 PerB <0

The derivative is homogeneous of degree n in the matrix entries, so multiplication by M™ gives
(17). The remaining assertions follow from A = M B + I, from the spectral theorem, and from
‘bi]" < biibjj < Hy. ]

A certificate may establish (15) by computing any explicit lower bound U < T'(B) and checking
the integer inequality 1000U > 1001 (%) per B. In particular, a sum of selected mutually orthogonal
parity-component norms is sufficient. The values of n and Hj are read from the particular frozen
row file; none of the preceding estimates depends on a choice between witness versions.

Corollary 4.3 (Specified rational points of strict decrease). Under the hypotheses of Theorem 4.2,
define the positive integer

2 1
Q = 4n!n*H™, qlzlf@, q2:1f@. (19)
Then 0 < q1 < g2 <1, and
1
Py(A) < 5 (m=qs1),  Fy(4) > Fy(A). (20)

Thus the integer matriz A and the two rational parameters in (19) form a fully specified positive-
definite counterexample.

Proof. The polynomial P,(A) has integer coefficients. Since D;(A) < 0, it follows that D;(A) < —1.
For 0 < ¢ < 1, termwise differentiation of the permutation expansion and inv(o) < (g) <n? give
[P/ (A)| < n! ntH" = %
Terms with fewer than two inversions contribute zero, so this bound also holds at ¢ = 0. For
g €[1—2/Q,1], the fundamental theorem of calculus gives
1 1
Pay<pP)+20-g<as ol
4 2 2
Since @ > 2, the indicated interval lies in (0, 1], and integration between ¢; and go proves the strict
inequality. O

5 A one-parameter reduction for coherent ordering

The four-row symmetry also permits an exact ordering theorem for a single coherent evaluation.
This theorem concerns the actual exterior polynomial, including its correction terms.

Take m triples (aj,bj,c;) of nonnegative real numbers, with ag + b? > 0 for each triple, and
assume that at least one triple has a;bjc; > 0. An order of the triples defines a word of 4m rows by
starting with the empty word and successively prepending (—a;, bj, ¢;), (—a;, —bj, ¢;) and appending
(aj,bj,¢5), (aj,—bj,cj). Indices j = 0,...,m — 1 refer to this inner-to-outer order. For its rows v;,
set

flz)= 1—[(1)Z - Z), Gap(2) = Z(vwvjb — UipVja) H (vp-2), 0<a<b<2.

i i<j hti,j



Fix s > 0, put z; = (1,is,0), and define

2, 272 a;c; aj — s°b; bjc;
Sj:aj+8 b], t]: Sj, dj: SJ s KS:Z?]’
J
A=>(2j+1)t;, B=> t (dj+22d@).
J J <y
The quantities A, B depend on the order; K, does not.
Proposition 5.1 (Exact coherent evaluation). One has f(zs) = [; 5]2 >0, and
Goi(2s) Goz(zs) G1a(2s) 4i
=0, =4(A+ B), =4K;+ —(B—A). 21
7z Fe AP TG SEA 2y
Consequently
2 _A\2
Es = Z“T}'i“)b’g%)‘ =16 <(A +B)? + (B-4r SQA) + K§> . (22)

At the unit point z5/\/1 + s2, the corresponding ratio is (1 4 s2)2&s.

Proof. The polynomial identities in the four-row recurrence hold for real inputs as well as integers.
Evaluate the squared variables at (X,Y, Z) = (1, —s%,0). For the orbit factor p;,

(pi)x — s*(p)y _ ). (pj)x + s*(pj)y

2
p':SW
T pj pj

= 2d;.

Thus, for the product F' of the first j orbit factors,
FX — S2Fy . FX + SQFY
F S F 2 di
1<j

Substituting in (5)—(6) gives the increments of the normalized ratios

Uy — 52U .
A% = 8(27 + 1)t;,
Upa + 52U
Aw = 8t (dj +22d€) .
<j

Equation (8) gives A(Vi2/F) = 4bjc;/S;. Summing from the zero initial exterior polynomials and
using Goz = Upz, G12 = zyUia + Vig, and Go1 = yzUp1 + xzVp1 proves (21). Its real and imaginary
parts give (22). Finally G has degree two less than f, which proves the unit-point scaling. O

Theorem 5.2 (One-parameter sorting). For every fired s > 0, an ordering mazimizing Es is
obtained by sorting the triples in nondecreasing order of

a;Cj

23
ajz + Hbjz (23)

for some k > 0, with suitable ordering among ties. The family of sorts is independent of s; its
maximizing parameter may depend on s.

10



Proof. Since t; > 0 and |d;| < 1, one has |B| < A. The triple with all entries positive has ¢t; > 0
and |d;| < 1, so its contribution makes |B| < A in every order. The order-independent term K2 can
be dropped when maximizing. Write

QA,B)=(A+B)?*+s*B—-A?=D(A*+B* +20AB, D=1+s5?% C=1-s5"2

Here D > |C, so @ is positive definite.
Choose an order maximizing @, and denote its pair by (A, B). It also maximizes the linear

functional A" + A\B’, where
_ CA+ DB

~ DA+CB

Indeed, DA+ CB > 0, and a strict increase in this functional would strictly increase @ by its
quadratic expansion. Moreover

e (—1,1). (24)

(DA+CB) £ (CA+ DB) = (D+C)(A+ B) >0,

which proves the strict parameter bounds in (24).
If adjacent types i, j occur in that order, swapping them changes A + AB by

2((1 4 Adj)ti — (14 Ady)t;).

Both factors 14 Ad; are positive. A strict inversion in the keys t;/(1 4+ Ad;) would therefore improve
the functional, contradicting maximality. The order is sorted in those keys, and

tj . 1 a;Cj
T 2 122"
1+)\d] 1+)\G/J+S2mbj
Taking x = s%(1 — A\)/(1+ \) > 0 proves the theorem. O

Corollary 5.3 (A finite sweep, including ties). At most (g‘) + 1 interval sorts suffice to attain the
global maximum in Theorem 5.2. If the row coordinates and s> are rational, the sweep and the score
comparisons can be carried out with exact rational arithmetic.

Proof. Put u; = ajc;. Two keys that are not identical as functions of s cross at most once for x > 0,

at
2

uja? — uiaj
R= —————mm———5
uﬂ)? — Ujb? ’

provided the denominator is nonzero and the quotient is positive. These crossings partition (0, c0)
into at most (%) + 1 open intervals. Sort once at any parameter in each interval.

To check that crossing ties cannot hide a larger value, let X = (A, B) be a global maximizer
and use its gradient functional from (24). Any other ordering Y tied for that functional must have
Y = X: otherwise the quadratic expansion gives Q(Y) = Q(X) + Q(Y — X) > Q(X). There are
finitely many orders. A sufficiently small one-sided perturbation of the parameter cannot promote
an order whose supporting value was strictly smaller, so it selects a tied maximizer with the same
(A, B). This covers simultaneous crossings as well. Keys identical for all parameters have zero
adjacent-swap increment in both A and B, so arbitrary tie-breaking within those classes does not
change the score. All crossing parameters, keys, and values of @) are rational under the stated
assumptions. [
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Individual zero values of a;, b;, or ¢; are permitted; the assumption of one strictly positive
triple ensures A > |B| and keeps the supporting parameter interior. If all ¢; = 0, then A = B =0
and & = 16K? is order-independent; this trivial case does not need a supporting parameter.
Boundary-only systems with A > 0 but no strictly positive triple are outside the sorting theorem as
stated.

The optimization proved here is at one specified complex point. A larger value of £ does not
by itself imply a larger coefficient-square Fischer norm or a negative endpoint derivative. The
finite signs elsewhere in this paper are certified separately by their exact integer Fischer-norm
computations.

6 Finite-rank mean-field perturbations

The next results give an asymptotic criterion for a negative endpoint derivative and a strict
obstruction in the subcritical regime. They are conventional mathematical proofs. Their measure
and limiting arguments are not asserted to form a completed Lean theorem.

Fix a finite integer » > 1, a real number ¢ > 0, and ordered vectors v; y € R", 1 <14 < N, with
|lvi,n|| < L for a constant L < oo independent of N. Write Viy for the matrix with these rows and
set

t 1Y
BN:VNV]%, AN:IN‘i‘NBNy ZN:NZUZ"NUZN. (25)
=1

Every Ay is real positive definite. Suppose initially that the ordered empirical measures satisfy
1
AN = D 0Ny = K (26)
i=1

weakly on [0,1] x B(0, L). The first marginal of u is Lebesgue measure, and

Y= /va du(z,v) = li]{[nEN.

The order coordinate x is retained throughout.
For an ordered matrix A, let D1(A) = P{(A), with the inversion-weighted g-permanent as defined
in the main text. For Gram rows w;, put

F@) =Tlwi-2),  G&) =) (wirw) [] (wa-2),  T(4) =Gl

i i<j a#i,j

Here the Fischer norm is || 3, caz®||z = 3, a!lca|?, summed over exterior components. The
identities

N
per A=|fl§, ~ 2Di(4) = <

5 ) per A —T(A) (27)

follow by expanding the Fischer inner products: the coefficient of a permutation monomial in T'(A)
is (];[ ) — 2inv(o). The ordered wedge identity is also used in Kitamura’s public proof package [8].
Consequently, for positive permanent,

Dy (A) 1 T4
N(N —1)per A 4 (1 ) perA> ' (28)

12



6.1 The general endpoint criterion

For h € C", define

®(h) = /log(l +tlv - h|?) du(z,v) — ||h||?, K = argmax ®(h), (29)
heCr
Y 2
lh(v) =v-h, pr(v) = %a (30)
T
qn(v) = %, mp = /ph(v) du(x,v), (31)
Q)= [ anw)dulz,o). Q= [a@duv). (32
{z<s}

The vector-valued function g, is continuous, including at ¢5(v) = 0. Put

Wy, = //{m<y} an(v) A gn(w) dp(z,v) du(y, w) (33)
and

R(h) = 2|[W|* + 2/(1 = pr())1Qn — 2Qn(@)|* dp(w, v) + (1 — ma)?. (34)

Theorem 6.1 (Full mean-field endpoint criterion). Under (26), K is nonempty and compact, and

min R(h) < lim inf _TAN)
heK N—o0 (2)perAN
< lim sup NT(A < maxR(h). (35)

N—oo (5)perAy — hekK

If ming R > 1, then D1(An) < 0 for all sufficiently large N. If R = R, on K, then

D1(An) 1—-R.

N(N —1)per Ay g (36)

At every h € K, B
Qn="n, mu=|h*<1. (37)

Both ® and R are invariant under a global phase of h, and under conjugation because the
rows are real. Thus two conjugate phase circles of maxima give a single limiting score. A simpler
sufficient criterion is minycx 2||W3||2 > 1. The other two terms in (34) are nonnegative.

Corollary 6.2 (Product ordered limits). Suppose that the ordered empirical limit is p(dz,dv) =
dx v(dv), so that its row law does not depend on the position coordinate. Then, for every h € K,

mh(4 — mh)

R(h) =1 - "=

(38)
If t Amax(X) > 1, then

D1(A 4 —
lim inf 1(Ax) > min 7mh( m)
N—oco N(N —1)per Ay ~ hek 12

> 0. (39)
In particular the endpoint derivative is eventually positive.

13



Proof. The product form of u gives Qp(s) = sQp, and W), = %Qh A Qp = 0. At a maximizer, (37)
gives ||Qnl|> = my,. Since py, also depends only on the row, the middle term of (34) is

1
2(1 = mn) [ Qull* [ (1~ 29)7ds = S = )

Adding (1 — my,)? proves (38).
Let u be a real unit top eigenvector of ¥. The elementary bound log(1 + s) > s — s2/2 for s > 0
and the row bound ||v|| < L yield

214

5 >0

D (eu) > €2 (tAmax(X) — 1) —

for sufficiently small € > 0. Since ®(0) = 0, zero does not belong to K. Compactness of K and
my = ||h||* < 1 therefore imply ming my (4 — my) > 0. Combining (38), (35), and (28) proves
(39). O

The hypothesis is a product form of the ordered empirical limit itself; no probabilistic assertion
about finite random row orders is used.

6.2 A strict obstruction below the covariance threshold

Theorem 6.3 (Subcritical endpoint increase). Suppose ¥ # 0 and tA\max(X) < 1. Define

Ro = (I, —t¥)7 4, M = vl du(z,v).
{z<s}
Then
per Ay — det(I, —t¥)~! (40)
and Di(Ay) .
1 N 2
—_— 2t tr(MsRo(X — Ms)) d . 41
NperAN—> /0 (Mo ))ds >0 (41)

In particular D1(An) > 0 for all sufficiently large N.

Corollary 6.4 (Arbitrary changing orders). The ordered weak-convergence assumption can be
dropped from the strict sign conclusion. If only Xny — X # 0 is assumed, with the same fixed rank
and row bound, and tAmax(X) < 1, then

.. . Di(An) _ t?(trx?)?
1 f >
I NperAy —  8L4

> 0. (42)

More generally, eventual bounds tAmax(XN) < 1 — ¢ and tr(X3%) > s > 0, for fized e, 5 > 0, imply
the lower bound t?s%/(8L*).

For N > r, the least eigenvalue of Ay is one, while its largest eigenvalue is 1 4+ tApax(Xn).
Thus Theorem 6.3 gives a strict obstruction for this entire bounded-row, fixed-rank mean-field
construction below limiting condition number two. It is not a theorem for every positive-definite
matrix of condition number below two, and does not include the critical boundary tApax(X) = 1.
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7 Proof of the full endpoint criterion

7.1 Gaussian representation and concentration

Gaussian representations of permanents also appear in the analysis of spatial random permutations
[6]. We give the specific identities and limiting arguments needed here. Let Z be a standard complex
Gaussian vector in C", with density rrell=l?, Expanding by principal subsets and using the
Fischer identity gives

N
t
perAN:EH(l—FN\vi'Z\Q). (43)
i=1

After z = v/ N h, the corresponding probability measure is

eNen(h) gp, 1 ) )
N (dh) = TeNeN () Py (h) = N Ei:IOg(l + tlvi - h|7) — [[A]I. (44)
The functions ® 5 converge to ® locally uniformly. Indeed, weak convergence and uniform continuity
on compact products give uniform convergence on a finite h-net, and then on each compact set.

Uniformly in IV,
@ (h) <log(L+tL?||h|*) — ||A]>. (45)

The right side is coercive and is at most —||h||2/2 outside a fixed ball. This proves the compactness
and nonemptiness of K.

The measures [Iy concentrate in every neighborhood of K. To see this, take a large ball
containing K and the region where the upper bound in (45) may be nonnegative. On the compact
complement of a neighborhood of K, ® is separated from its maximum by a strictly positive
amount. Local uniform convergence preserves a smaller gap for ®5. A small ball around one
maximizer gives a denominator bounded below by its fixed volume times e™N(™2x®=€)  The outer tail
is controlled uniformly by e~V In12/2, Choosing € smaller than the compact gap proves the assertion.
No nondegeneracy of the Hessian is needed.

Differentiating ® in the real and imaginary coordinates is legitimate by the uniform row bound.
Its stationary equation is Q; = h. Taking its bilinear scalar product with h gives my, = ||h||?. Since
pr(v) < 1 everywhere, my, < 1. This proves (37).

7.2 An exact three-sector identity

Suppress the index N. For a retained set I C [N], put J = I¢, k = |I|, and

fi(z) = [J(vi - 2),

i€l
Gi(z) = Z (v; A vj) H (vp - 2),
<y bel\{i,j}
i,5€l
H,1(2) :Zsign(a—i) v; H (vp - 2), aeJ.
il bel\{i}

Empty products equal one and empty sums equal zero.

Lemma 7.1 (All exterior sectors). One has the exact identity

|1 c
10 = 3 (3) (eth+ 3 etz (5 )z ). (46)

IC[N] aglc
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Proof. Use Gram rows w; = \/t/N v; @ e;. Split their wedge polynomial into the exterior sectors
A%C", C" A CN, and A2CYN. In the first sector, the coefficient of the added-variable monomial
[lucs ®a is (t/N)*/2G;. In the second, with exterior index a € J, the coefficient of [loe s {ay 2o is

(t/N)k/ 2H, 1, up to one irrelevant common sign. In the third sector, each exterior pair in .J gives
(t/N )k/ 2 f; multiplying the corresponding remaining monomial. Distinct added-variable monomials
are Fischer-orthogonal and each has factorial weight one. The three exterior sectors are orthogonal.
Taking squared norms proves (46). O

For clarity, this also identifies precisely what diagonal dilution adds to the derivative. Define

F(B)ij = bijper B(i | j), cutp(B Z F(B[I]);,

where retained indices keep their original labels in the cut. The matrix F'(B[I]) has row sums

per B[I]. Hence
”Ha,l”% = |I|per B[I| — 4 cutp(B[I]; a),

and (27) gives

1
Di(Ax) =Y (;{) (Dl(BN[I]) t2 Y cutF(BN[I];a)> | (47)

I aclc
The cross-block cuts are nonnegative, as follows by differentiating Lieb’s cross-block scaling expansion,
whose coefficients in the square of the scaling variable are nonnegative [10].

7.3 Conditional Bernoulli moments

For fixed z, let I be a random retained set with independent membership probabilities

~ (t/N)|v; - 2]?
piz) = 77y (t/N)Jvi - 22

Summing (t/N)!| f7(2)|? produces exactly the product in (43). At z = v/N h, these probabilities

are pp(v;).
Away from the zero sets of the nonzero linear forms, let
Ui=¢& L, &; independent Bernoulli(pp,(v;)).
Kh(vz-)
Then ) Vi
v 2 L
EU; = qn(v; E|Ui|? = — 5 < tL EUi[| < —— 48
7 qh(v’b>7 H H 1 _’_twh( 7,)’2 — ) H H ( )

These quotient random variables are used only almost everywhere. For each nonzero row its zero set
is a complex hyperplane of Lebesgue measure zero. Zero rows contribute zero and can be omitted
from this calculation. At a vanishing nonzero linear form, declaring U; = 0 would not reproduce the
continuous limiting second moment in (48); that identification is not made. Instead the moment
expressions have continuous extensions in the original polynomial integrals, and values on these null
sets do not affect an integral. The final functions py, gr, R have no quotient singularities.

Set

Wir(h) = 57 3 anle0) A anle), Qu(h) = 5 X anle),
Qun(h) = 5 L), () = - S (o)
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For the first exterior sector the random quotient is
1
N2 UinG;,
1<j
whose mean is NWy. In its variance, disjoint pairs have zero covariance. There are O(N?) pairs
sharing an index and O(N?) identical pairs. Every surviving covariance is bounded by a constant

depending only on ¢, L, using independence and (48). The factor N2 thus makes the variance
O(N). The contribution of this sector divided by N2 per Ay equals

Eny [[Wx(R)[* + O(N7Y). (49)

For a fixed missing index a, the second-sector quotient is

1
— Z sign(a — i)U;.

N i#a
Its mean is VN (2Qun — QN + qn(vs)/N), and its variance is at most tL?. Membership of a is
independent of this sum. Summing over a and using the uniform bounds gives the normalized
second-sector contribution

1 J—
EnNﬁ > (1= pa(va)IQn(h) = 2Qan(R)[|> + O(N ). (50)
The third sector counts missing pairs. Its normalized contribution is
1
By (1= my(h)* + O(N ). (51)

All three error estimates are uniform in h.

7.4 Convergence of the ordered functionals

The discrete functions in (49)—(51) converge to their p-integral versions locally uniformly in h. For
the order indicators, partition the z-interval into short subintervals. The first marginal is Lebesgue
measure, so boundaries x = s and © = y have zero p and pu ® g mass. The uniform bound on gy,
controls the contribution of the short subintervals. This proves prefix convergence uniformly in s. A
finite h-net and uniform continuity give joint local uniformity in s, h; the same argument handles
the ordered double integral.

Thus R is continuous and bounded, as are the discrete integrands uniformly. Tightness of 11,
local uniform convergence, and the three sector estimates give

T(An)
(];[) per Ay

Concentration near K proves (35). Equation (28) proves the remaining assertions of Theorem 6.1.

= EnR(R) + o(1). (52)

8 Proof of the subcritical obstruction

8.1 A dominated Gaussian limit

Assume tA\pax(X) < 1. Choose s > 1 and b < 1 such that stAnmax(Xn) < b for all sufficiently large
N. Since log(1+ z) < z,

H (1_|_ SNt’fU'L 'Z|2> < estz*ENz < €b||zH2‘

()
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This is integrable against the standard complex Gaussian, even after multiplication by any fixed
power of ||z||. The bounded row assumption and the quadratic Taylor remainder show pointwise
convergence of the product with parameter ¢ to e**">*. Dominated convergence gives

per Ay — EetZ 22 = det(I —t2) 71,

which proves (40).
The positive principal-permanent weights

(t/N) per By[I]

P(l) = per Ay

define a random retained size Ky = |I|. Its exponential moment is

EsKn _ per(I + (st/N)By)

< k. 53
per An (53)

Therefore every fixed moment of K is uniformly bounded.

8.2 Polynomial bounds for compressed endpoint terms

For any k x k£ PSD Gram matrix B, put Cy = (g) Cauchy—Schwarz applied to the C} wedge
summands gives

T(B) < Gy y_ det B{i, j}] per B[{i, j}°]
1<j
< C?perB. (54)
The last inequality uses the elementary two-by-two inequality det < per, followed by Lieb’s principal-

block inequality [10]. The latter is also a consequence of the Fischer product inequality for products
of linear forms [14]. It follows that

Ck—l-C]%
— 5 P

|D1(B)] < er B. (55)

The matrix F'(B) is PSD: it is the Gram matrix of the vector-valued polynomials v; [, ; ¢;. Lieb’s
inequality gives F'(B);; = b per B(i | i) < per B. Thus |F(B);j| < per B, and

< k3 per B. (56)

> li—jIF(B)y
i

The polynomial dependence on k is needed here; a factorial bound would not suffice for (53).

8.3 Replacing inversions by the footrule

Define
L(A) =) |i —jlagper A(i | j) = (Z i — 0(@')!) 100 (57)
i,j o i i
If a permutation fixes an index a, deleting that index reduces its inversion count by twice the number
of edges crossing that cut in one direction. It reduces its footrule by the same amount, because
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each crossing edge has its length reduced by one and the crossing counts in the two directions agree.
Therefore
inv(o) — Z li —o(3)]
i
is unchanged by deleting fixed indices and compressing the remaining order. Expanding Ay =
I + (t/N)By gives the exact identity
t

1
Di(Ax) ~ £(An) = 3 (57) - (D(BlD) — £(Ba (D). (59
1

where the submatrix quantities use their compressed order. Equations (53), (55), and (56) imply
’Dl (AN) - [,(AN)’ S Cper AN (59)
with C independent of N.

8.4 The limiting cross trace

For i # j, Gaussian expansion of the cross permanent gives

1 t
per Ay(i | j) = NE . (60)

(32 2) T1 1+ gl 2F)

The domination used above, with the required Gaussian moment weight, shows uniformly in ¢, j
that the expectation in (60), divided by per Ay, is v]TRgm + o(1). Indeed, omitting two factors
costs at most O(N~1)||Z||* times the dominating product; the full tilted second-moment matrix
converges in the fixed dimension. Consequently

F(AN)Z']‘ - t2

T T -2
per Ay W(Uz’ v;)(vj Rovi) + o(N~7)

uniformly for i # j. Weak convergence and (57) yield

L(AN)

Npardy L ] 1= sl w) @ Rov) dut.v) duty, w)

1
= 2t2/0 tr(MRo(2 — My)) ds. (61)

The last equality integrates the two cut orientations of |z — y|. The two traces agree and are real,

since Ry is a function of Y.

Lemma 8.1 (A resolvent cross-trace inequality). If A,B >0, S = A+ B, and t||S|| < 1, then
tr(A(I —tS)"'B) > tr(AB) > 0. (62)

Proof. Restrict to the range of S, since both A and B annihilate its kernel. Write A = $1/2C'S1/2,
B = SY2(I — C)§'2, with 0 < C < I, and diagonalize S with eigenvalues \; > 0. If f > 0 and
x — xf(x) is nondecreasing on this spectrum, direct expansion gives

tr(Af(S)B) = Z AZF(A) (Cii — (C?)ig)

+ % Z()‘Z - /\j)()‘if(/\i) - )\jf()\j))|Cij!2 > 0. (63)
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Every term is nonnegative, because C? < C. Apply this to f(x) = (1 —tx)~! — 1; then zf(x) =
tz?/(1 — tx) is nonnegative and increasing. This proves the first inequality in (62); the second is
the standard trace inequality for two PSD matrices. O

The lower comparison is strictly positive after integration:

2/01 tr(My(S — M,)) ds = //\x — yl[oTw|? dudu > 0. (64)

The unweighted integral of [vTw|? is tr(X?) > 0, while 2 = y has zero yu ® pu measure. More
quantitatively, [v7w|? < L*, and the mass of |z — y| < € is at most 2¢. Taking ¢ = tr(X?)/(4L*)
gives
t 22 2
J[le = vl dudp > (65)
Equations (59) and (61), followed by Lemma 8.1, prove Theorem 6.3.

Proof of Corollary 6.4. The ordered empirical measures lie in a compact space of probability mea-
sures. Extract a weakly convergent subsequence from any proposed violating subsequence. Its
first marginal is Lebesgue measure and its covariance is the corresponding limit of Xy. Apply
Theorem 6.3 and (65) on that subsequence. This proves (42) and the version with uniform e,s. [

9 The exact spherical saddles and a stronger Gini bound

9.1 The anisotropic spherical potential

Let Y be uniform on the real sphere S? and
v="T,Y, T, = diag(1,1,7), 0<1<1.

The marginal law of v has covariance ¥ = diag(1/3,1/3,7%/3). The order is specified below and
does not affect ®.

Proposition 9.1 (Exact coherent transition). For this spherical law, h = 0 is the unique maximizer
of ® when t < 3. When t > 3, its mazimizers are exactly

h=e\/m/2(1,i,0) or h=e"“\/m/2(1,-i,0), (66)

where m € (0,1) is uniquely determined by

Log(1— 22 tm
m = m(k) ::/0 H(If(l—;)dz’ kZT' (67)

Equivalently, t = 2k/m(k), a strictly increasing function of k > 0, and

| — (k) = artanh \/k /(1 —l—k:)'

K+ k)

(68)

Proof. Multiply h by a phase so that the real and imaginary parts of T;-h are orthogonal, and rotate
Y. If their squared lengths are A1, Ao, the logarithmic term in ® becomes

Elog(1 4+ (A1 Y7 + A2 Y5)).
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It is symmetric and strictly concave along each line with fixed positive A1 + A2: the second derivative
is the negative expectation of a nonzero square proportional to (Y% — Y22)2. It is therefore maximized
at A\; = A9, and is strictly increasing in their sum. That sum is | 7,-h||? < ||h||?, with equality only
if h3 = 0. Thus, at fixed ||k||> = m > 0, the maximizing directions are precisely (66).

The remaining radial function is strictly concave:

1
putm) = [ og(1 4 (tm/2)(1 ~ ) dz — m

Its derivative at zero is /3 — 1. It tends to —oo as m — oo, so the asserted unique radial maximum
follows. The stationary equation gives (67); its right side is strictly between zero and one. The
function m(k)/k is strictly decreasing, proving the asserted monotonicity of ¢(k). Integrating
(14 k — kz?)~! gives (68). O

The transition at ¢t = 3 is a transition of the coherent maximizers. It does not by itself imply a
negative endpoint derivative for every ¢ > 3; the ordered score must still exceed one.
9.2 A quantitative strict Gini inequality

Let R have density 1/[2(1 + 72)%/?], independently of a uniform angle ©. For an integrable real
random variable Z, write C(Z) = 3E|Z — Z'|, with an independent copy Z'. Put X = v/2Rcos©.

Lemma 9.2 (A stronger spherical Gini gain). One has

1 -8 1 13
CX)> —+—rir > — + ——. 69
X)z 5+ 557" 75 000 (69)

Proof. Let U = |R| and g¢(a,b) = Emax(aU,bU’) for a,b > 0. Independent symmetric signs show
that g(a,b) = ElaR — bR’|. The distribution function of U is u/v/1 + u?, so

oo 82
sat) = [ (1‘\/(82+a2><52+52)> ds.

For positive a, b, differentiating the expectation of the maximum gives

0. b) / u? du
Gaa( b 1+ u2)3/2(1 + (a/b)2u?)3/2
Differentiation is justified locally by an integrable majorant when a, b range in a compact subset of
(0, 00). Homogeneity gives gap = —(a/b)gaq and gy, = (a/0)?gaa.
Set H(z) =g(1+ 2,1 —2) and a =14 x,b =1 — x. Substitution u = s1/b/a yields
4 /"0 s?ds
(ab)¥2 Jo (1 + s2)2 + 4(1 — ab)s2/(ab))**

H”(I) —

Because 4s? < (1 + s?)? and 0 < ab < 1, the denominator inside the parentheses is at most
(1+ s%)2/(ab). Hence

o0 2
H" >4/ T _ds=".
(=) 2 o (1+s2)3 Ty

Symmetry gives H'(0) = 0. The radial distribution function Fg(r) = 5 +r/(2V1 + r2) gives

T
/FR (1 Fr(r /4 e T

21



so H(0) = m/2. Integrating twice and rescaling proves

T 7 (a —b)?
> - — .
g(a,b)_4(a+b)+16 pa—

(70)

Continuity extends this to the boundary, interpreting the final term as zero at a = b = 0. For
example, continuity follows from EU = 1 and the Lipschitz bound for the maximum.
By symmetry X has the law of SR, with S = 1/2| cos ©| independent of R. Here

23

)
T

ES = ES?=1, 0<S<v2

Average (70) over S, S’. Since S+ S’ < 2v/2 and E(S — S')? = 2 Var(S), this gives

1 +7T2—8
m¢’ V2 o 32v2n

For the displayed rational bound, use = > 157/50, 7 < 22/7, and v/2 < 99/70. The resulting
rational lower bound for the gain exceeds 13/1000. O

C(X) = 1Eg(S, §) > %ES + Var(S) =

10 A bounded-condition consequence

Use spherical coordinates

Y = (V1 —22cos6,vV1—22sinb, 2),

where z is uniform on [—1,1] and 6 is independently uniform on [0, 27]. Order rows by the real

quotient
V2712 cosb
X, (v) = V2R, (71)
Vv1-—=z
Its values at the two sphere poles can be assigned arbitrarily, since those points have measure zero.
At the positive saddle in (66), write a = /m and use the unitary coordinates with first basis

vector (1,4,0)/4/2. Dividing a row form by its pole value gives
c= (1,720 \2712e7 /\/1 - 22).

In these coordinates g5, = (p/a)c, with

k(1 — 22)

)= ———".
PE) = =
Consequently the real part of one exterior component is

Cor = R(Wi2) = LE[p(2)p(2)|X: — X (72)

Although the quotient is unbounded, pc is bounded. Equivalently, ¢, is a continuous bounded
function on the original compact sphere. No logarithmic clipping or radial truncation is needed.

Lemma 10.1 (Loss from diagonal dilution). With Cx = C(v/2Rcos ©) as above,



Proof. Let C, = 3E[pp/|X; — X’|]. The inequality 1 — pp’ < (1 —p) + (1 — p'), followed by the
triangle inequality, gives

rCx = Gy < E[(1 = p) X, ]| + (1 — m)E/X, |

Direct integration gives

22T 2v/2 T arctan vk
BIX| =00 B[ p)X] = 2T

For the second identity substitute v = v/1 — 22 into the radial integral. Also

1 dz /1 dz log(1+ k)
l-m=| — ¥ < — .
0 1—|—k‘(1—22) 0 1—{—]{3(1—2) k
Now use arctan vk < 7/2, 2¢/2/7 < 1, and Ceg = Cp/m > C,. O

Theorem 10.2 (An eventual family with condition number below 20002). There is an explicit
algebraic sequence of real positive-definite correlation matrices Cy, defined for every sufficiently
large order, such that

. Dy(Cy) 1

1 < ——.

NosP N(N —1)perCy 800

Its off-diagonal entries have modulus at most 60000/N, its least eigenvalue tends to one, and its
condition number tends to 20001. In particular its condition number is eventually less than 20002.
No explicit sufficient order is asserted in this theorem.

(74)

Proof. Take
999

"7 1000°
The saddle parameter satisfies k£ > 25000. Indeed t(k) = 2k/m(k) is strictly increasing, and

t = 60000.

log 25001 1
— < = —
1 —m(25000) 25000 < 6

implies £(25000) < 60000. Both loss functions in (73) decrease with k. At k = 25000, the bounds
V2 < 3/2, V25000 > 158, and log 25001 < 11 give

3 logl+k) 3 11 1
V2 log(ltk) 3 11 _ 1
Vi k 316 ' 25000 100

For example, log 25001 < 11 follows from e > 8/3 and (8/3)!! > 25001. Lemmas 9.2 and 10.1

therefore imply
1 3 1 2
Ceff>7'<+) > —=+ .
V2 1000 V2 1000

Using v/2 > 5/4 shows

1
202 > 1+ —.
et = L+ 500

The two saddle circles are conjugate, so their full score is constant. Theorem 6.1, even using only
the first exterior sector, proves (74) for any ordered discretization converging to this sphere law.
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Here is one deterministic algebraic discretization in every order. Let m = |v/ N |, and form the
m? sphere rows

21

o
= 1, 9]-:%], Yie= (y/1—22cosbj,\/1—z7sinb;,z),

for 1 <¢<m,0<j<m. Apply Ty, add N —m? copies of (1,0,0), and sort by (71), breaking ties
lexicographically by the original labels. The grid avoids the two poles and all entries are algebraic.

These empirical sphere measures converge to the uniform sphere law. The quotient is continuous
away from the two poles and its limiting distribution has no atoms. Its empirical distribution
functions therefore converge uniformly to its continuous distribution function Fx, and the largest
relative tie multiplicity tends to zero. The sorted empirical position differs uniformly by o(1) from
Fx(X;(Y)). Hence the joint ordered law converges to that of (Fx (X, (Y)),T;Y). Its first marginal
is uniform on [0, 1], verifying (26).

Set Ay = I + (60000/N)Vy Vi and normalize its diagonal:

Cn = APANAL?, Ay = diag(Ay).

Every permutation monomial, and hence the permanent and its derivative, is multiplied by the
same positive factor. Thus the normalized derivative ratio is unchanged. The covariance eigenvalues
converge to 1/3,1/3,72/3, so the condition number of Ay tends to 1 + 60000/3 = 20001. Its least
eigenvalue is one for large N. Since Ay = I + O(N~!) in operator norm and ||Ay|| is bounded,
ICn — An|| — 0. This proves the asserted eigenvalue and condition-number limits. The unit bound
on ||TY ||, and diagonal normalization factors at least one, give the off-diagonal bound. O

Before correlation normalization, exactly N — 3 eigenvalues equal one when the rows span R3.
Nonconstant diagonal normalization need not preserve that exact multiplicity; only the stated
limiting spectral conclusions are claimed for Cpn. This theorem concerns large orders only and
supplies no explicit sufficient order; the finite certificate of Section 3 is a separate construction.

11 A four-dimensional sphere and condition numbers below 257

The second exterior sector can make a decisive contribution. We now use the complete score (34)
for a four-dimensional real spherical law. The resulting condition-number bound is much smaller,
while the preceding construction retains its advantage of using three-dimensional latent rows.

Let Y be uniform on S% C R?, and set

v="T,Y, T, = diag(1,1,7,7), 0<7<l1.
Write
wy = Y7 + 1Yo, wo = Y3 + 1Yy, S = |wi|?, b= wy/w.

The variable S is uniform on [0, 1], and the two complex phases are independent and uniform. These
statements follow, for example, by normalizing two independent standard complex Gaussians. The
ratio b has density

1 2

Indeed S = (1 + [b|?)~!, and changing from the uniform S to the radius of b gives the radial density
2r /(1 +r2)2. Order the rows by = = Rb; the exceptional set w; = 0 has measure zero.

24



11.1 Exact saddle geometry and marginal formulas

The proof of Proposition 9.1 applies in real dimension four: rotational invariance and strict concavity
in the two squared singular values force a maximizing complex direction to be circular in the first
coordinate plane. For ¢ > 4, the maximizers are exactly

h = ei¢\/m/2(1,i,0,0) or its conjugate,

where L kS log(1 + k) t
_ _ . log(1l+ _tm
m = ; 1+deS—l — % k——2. (76)

For completeness, the radial potential is fol log(1 + (tm/2)S)dS — m; it is strictly concave, has
derivative t/4 — 1 at zero, and tends to —oo. This proves uniqueness of the positive radial saddle.
The function ¢(k) = 2k/m(k) is strictly increasing by the same integral argument as before.

Put K=1+k, d=1—m =log K/k, and

kS k
T14kS K+

p

The unweighted marginal density of x = Rb, and its density weighted by p, are respectively

1
f(z) = 21+ 2232 (77)
fole) = —— ! ! (78)

— + .
20 +22)3?2  kV1+22  EVK +a?
To check the second formula, use

k 1 1 1

u?(u + k) ﬁ7@+k(u+k)

with u = 1+ |b|?, and integrate the imaginary coordinate. Thus f, > 0, f — f, > 0, and their masses
are m and 0, respectively.
Define the centered prefix mass and first moment

Ax) = /_woo fp(u) du — %, M(z) = /xoo ufp(u) du.

Elementary antiderivatives give

x arsinh z — arsinh(z/vK)
Az) = - , 79
W= i e z ()
1 1

M(z) = (80)

2vV1+22 VK +22++/1+22

For the second identity, the difference (VK + 22 — /1 + 22) /k is rationalized. The integration
constant is fixed by the zero limit at —oc.
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11.2 The full score in one-dimensional integrals

Use the unitary basis (1,44,0,0)/v/2, (0,0,1,44)/v/2. If § = argw; and a = e~2?, the row divided

by its first pole value has coeflicients
c=(1,a,7b, Tab). (81)

The phase a is uniform and independent of b. Conditional on x = Rb, the imaginary part of b has a
symmetric law, also after multiplication by p. Consequently only coordinates zero and two of the
averaged vector ¢, = (p/y/m)c survive, with densities

\;m(fp(x), 0, 72.f,(x),0).
Writing
Ce= o [[ o= vl5@)fyly) dody, (52)

we obtain |[W||? = 72T'%. The prefix vector gives

4

1Qn = 2Qu@)I = =~ (A@)? + P M(@)?).

It follows that the exact limiting score at either saddle circle is
8
Ry = 27717 + — / (f — fo) (A% + T2 M?) dz + 62 (83)
R

All terms are finite. This calculation uses the complete Theorem 6.1; omitting the middle term
would not give the bound below.

Lemma 11.1 (Bounds for the two nonconstant sectors). One has

I, > 7r/4—2\/fi(/k‘

> - (84)
if
1 9 1
Pk 9 9 VK + 1 )
ther 8 8728
= [ = fA 4 M b= T (55)

Proof. For the probability density f, the absolute-difference potential is
9(@) = [ o = ylfly)dy = VI+a2,

Its derivative is 2F(x) — 1 = 2/v/1 + 22, and its value at zero is one, proving the formula. The half
mean absolute difference of this law is 7/4, by the radial calculation in Lemma 9.2. If d = f — f,,
expansion of f, = f — d yields

> [[1e=vli@ i dedy 2 T - [ @) de.
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The omitted term is 3 [ |z — y|d(z)d(y) dz dy > 0. Using (78),

1+ 22
[ @) do = / ( e x2> da
/ ( ) 2K
< dr = :
]{7 —|— 2 k
Dividing by m proves (84).

For the mixed term, compare with the unweighted pair

T 1
Ao () = ——, Mo (z) = ———=,
@) 21 + 22 (=) 2V1 + a2
which satisfies A2, + M2 = 1/4. Equations (79)—(80) give the uniform estimates
1

A— Al <90/2, M—Mo| < ——.
A=Al <072 | <=

The first follows also by integrating the even nonnegative density f — f, of mass ¢ from zero to x.
The triangle inequality in R? therefore gives

A2 T2 MP > P (AP M) > 72
Integrating against f — fp, whose mass is ¢, proves (85). O

Theorem 11.2 (An eventual family with condition number below 257). There is an explicit algebraic
sequence of real positive-definite correlation matrices E, defined for every sufficiently large order,
such that

lim D1 (Ey) ——1
N—oco N(N — 1) per Ey 1000°

Its off-diagonal entries have modulus at most 1020/N, its least eigenvalue tends to one, and its
condition number tends to 256. In particular its condition number is eventually below 257. The
unnormalized mean-field perturbation has latent rank four. This theorem asserts no explicit sufficient
order.

(86)

Proof. Set 7 =999/1000 and ¢ = 1020. Equation (76) implies & < 510. Since m(500) > 1 —7/500 >
50/51, monotonicity of ¢(k) gives ¢(500) < 1020, and therefore & > 500. On this interval,

6 7 1131
1 — —_—
6 <log(l+k)<7, 510<<5<500 2 < VK< 20

For example, the logarithmic bounds follow from e < 11/4, (11/4)% < 501, e > 8/3, and (8/3)7 > 511.
These are strict elementary inequalities. Using 7 > 157/50, Lemma 11.1 gives

157/200 — 2(1131/50)/500 295171
1—-6/510 420000’
17 1 10339

>SS — == >
Pk =5 77000 23~ 23000

In (83), use 1/m > 1 and §2 > 72§2. The resulting entirely rational bound is

999 \ 2 205171\ 2 6 /10339\2 6 \?
> —) |2 +8—(—x) +(—
1000 420000 510 \ 23000 510
_ 1505674035849200604129 . 1
"~ 1498233300000000000000 250

Ty >
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The full score is constant on the two conjugate saddle circles. Theorem 6.1 and (28) prove (86).
An explicit discretization uses m = | N'/3] and the m? rows

-1, 2w 2ma

= YT YT

Yjae= (mcos 0, V/S;sin 6,1 — Sgcostpy, /1 — Spsintdg).

Here 1 < ¢ <mand 0 < j,a <m. Apply T-, pad to N rows with (1,0,0,0), and sort by

RO = -5 cos(g — 05)
V' Se

with a fixed lexicographic tie convention. All entries are algebraic and w; # 0 on the grid. The
number of added rows is O(N 2/ 3). The unweighted empirical sphere measures converge to the
uniform law. The limiting ordering coordinate has the continuous density f in (77); the same
distribution-function argument used in Theorem 10.2 verifies ordered empirical convergence.

Set Ay = I + (1020/N)VyN VL and normalize its diagonal as before. Its covariance tends to
diag(1/4,1/4,7%/4,72/4), so its condition number tends to 1 + 1020/4 = 256. The row norms are
at most one. Diagonal normalization preserves the derivative ratio, changes the operator by o(1),
and gives the claimed off-diagonal bound and spectral limits. O

Theorems 10.2 and 11.2 express a tradeoff: the first uses three-dimensional latent vectors and
has the larger derivative margin, while the second uses four-dimensional latent vectors and has
the much smaller condition-number bound. Both are eventual-order conclusions from conventional
asymptotic proofs. Neither claims a finite negative Lean certificate.

11.3 A refinement to limiting condition number 227

A different choice of the two scalar parameters improves the conditioning bound using the same
spherical law, ordering, and sector estimates.

Theorem 11.3 (An eventual family with condition number below 228). There is an explicit algebraic
sequence of real positive-definite correlation matrices EN, defined in every sufficiently large order,
such that _
m Dy (Ey) _ 1

N> N(N — 1) per Ey 40000’
Its least eigenvalue tends to one, and its condition number tends to 227, so it is eventually below 228.
Before correlation normalization it is a mean-field perturbation with latent rank four. No explicit
sufficient order is asserted.

(Bw)gl < 5 (1#3).

Proof. Use the construction of Theorem 11.2, replacing its parameters by 7 = 9999/10000 and
t =904. Write m(k) = 1—log(1+k)/k and t(k) = 2k/m(k). The elementary bounds 5/2 < e < 11/4,
(11/4)% < 445, and (5/2)7 > 447 give 6 < log 445 < log 447 < 7. Consequently

24447 394272 24462 49729 -
437 437 440 55

Strict monotonicity of ¢(k) proves 444 < k < 446. With K =1+ k and 6 = 1 — m, this implies

904.

#(444) < <904,  £(446) >

6 7 2109 423
w6 << 100 <VE<%
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The square-root inequalities follow by squaring: (2109/100)? < 445 and (423/20)% > 447. Using
m > 31415/10000 in Lemma 11.1 gives

31415/40000 — 2(423/20)/444 45552433
1 —6/446 ~ 65120000
1 7 100 876533

> - — — = =:7 > 0.
Pk 2 888 2209 1961592 "

> =:g9>0,

As in (87), use 1/m > 1 and 62 > 7262 in the full score. Exact rational arithmetic yields

9999 3 3 \?
R > (10000) +8@T * (223) ]

425269160832679340834525001397641 n 1
 42522087382871 1680000000000000000 10000°

(83)

Theorem 6.1 and (28) give the stated derivative limit.

Use the same algebraic sphere grid, padding, and sorting as in Theorem 11.2, with the new 7,
and set Ay = Iy + (904/N)Vn V. The row norms are at most one, and the limiting covariance is
diag(1/4,1/4,7%/4,7%/4). The condition number therefore tends to 1 + 904/4 = 227. Correlation
normalization preserves the normalized derivative, changes the operator by o(1), and gives the
off-diagonal bound 904/N and the least-eigenvalue limit as before. O

The family in Theorem 11.2 retains the larger proved derivative margin 1/1000. The present
theorem improves its condition-number bound with a smaller proved margin; it is a scalar refinement
of the same analytic construction.

12 A spectral obstruction with an explicit positive margin

The full score in Theorem 6.1 admits an operator factorization that gives an obstruction in every fixed
latent dimension. Throughout this section the rows and empirical measures satisfy the bounded-row
hypotheses of Section 6. Eigenvalues of the limiting covariance > are listed in decreasing order,
with missing eigenvalues interpreted as zero. All analytic arguments in this section are conventional
proofs.

Theorem 12.1 (At most two supercritical covariance directions). Let r > 1, ¢t > 0, and ||v; n|| < L,
and suppose

1
Sv=SValv — S ta®) > 1 (D) <L

For Ax = In + (t/N)VNVE, every sequence of row orders satisfies

lim inf Dl(AN) > (t)\l(z) _ 1)2

0. 89
N—oo N(N —1)perAy —  64rt2L* ~ (89)

In particular the endpoint derivative is eventually positive. The hypothesis includes the boundary
tAz(X) = 1.

The nontrivial eigenvalues of Ay converge to 1+ tA;(X). Thus the theorem permits at most
two limiting eigenvalues strictly above two, while requiring the largest one to exceed two. This is a
statement about the specified bounded-row, fixed-rank mean-field families. Its conclusion does not
assert a spectral criterion for unrestricted finite matrices.
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12.1 The full score as a Hilbert—Schmidt norm

Fix an ordered limit p as in (26) and a point A € C". Use p = pp, ¢ = qp, and m = my, from
(30)—(31), and define the real symmetric matrix

s —t/“”Td (2, 0) (90)
PV Tt p2 Y

Let H = L?(u; C). On this space define

(Kf)(z,v) = /sgn(y—x)f(y,w) du(y, w), Qf = /qfdu eCr,

and set
D:Mm, T:H—C'&H, Tf:(vaDf)
For an operator between these complex Hilbert spaces, write T = JyT*Jcrgy, where J is

coordinatewise conjugation. This transpose has the same operator norm as T.

Lemma 12.2 (Exact factorization). The sign-kernel operator satisfies |K||%g = 1, and the full
score (34) is

R(h) = [ TKT"|fs- (91)
If S, =< I, then T*T < Iy.

Proof. The diagonal set © = y has u ® py-measure zero because the position marginal is Lebesgue.
Squaring the sign kernel therefore gives Hilbert—Schmidt norm squared one.
The old—old block QKQ' has entries

[ 50 = Daa(a vty w) dute,v)dp(y, )

It is the antisymmetric matrix of the ordered wedge W},. Its matrix Hilbert—Schmidt norm squared
is 2|[W4]||?. Each of the two mixed blocks has squared norm

@ = p)I2Qu(@) - QulP du(a.v).

The noise-noise block has kernel /1 — p(v) sgn(y — z)/1 — p(w), so its squared norm is (1 —m)2.
Adding the four block norms proves (91), including the factor two in the mixed term.
For the contraction assertion, put b = ¢/,/p on {p > 0} and b = 0 elsewhere. Since ¢ = 0 on

{p =10},
/bb* dp = t/ (1 —p)vol du < Sp,.
{p>0}

This is an inequality: rows with zero projection on h can still contribute to Sj,. Weighted Cauchy—
Schwarz consequently gives

2
< ISl [ Pl du < [ plsP dn.

Qs = | [ w5 £

Adding ||Df||?> = [(1 — p)|f|? du proves the claim. O

Lemma 12.3 (Quantitative contraction loss). If S, < I, then

2
R(h) <1 h

- 16r (92)
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Proof. Put P = Iy —T*T = M, — Q*Q = 0. The Hilbert-Schmidt ideal inequality and Lemma 12.2
imply

R(h) < || TK|[fg = 1 — Tr(K*PK). (93)
The conclusion follows immediately when m = 0, so assume m > 0. Choose an integer d > r and
write w = m/d. The cumulative p-mass is continuous, and 0 < p < 1. Hence [0, 1] can be partitioned
into d consecutive intervals of p-mass exactly w, each of length at least w.

On interval j, let g; rise linearly from zero to one over its first segment of length w/4, remain one,
and fall linearly to zero over its last segment of length w/4. Extend it by zero and put f; = —gg» /2.
Values at the finitely many corners do not matter. Integration and the Lebesgue position marginal
give

Khi=g  IGP=2 [slePdez 5, (94)

For the last bound, discard the two edge strips. Their total length is w/2, so they contain at most
w/2 of p-mass; the remaining mass lies on the plateau.
The disjoint supports make the f; orthogonal. Their span E has dimension d, and (94) gives,
for every f € F,
2 w? 2
oK = 251
The subspace E N ker(QK) has dimension at least d — r. Each unit vector in that subspace satisfies
* 2 2 ’UJ2
(KPKSf) = [ pIKSdi— QK = -
Summing over d — r orthonormal vectors and using positivity of the trace-class operator gives
(d —r)m?
42

Take d = 2r in (93) to obtain (92). O

Tr(K*PK) >

12.2 Stationarity and the third covariance eigenvalue

Lemma 12.4 (An inertia bound). Suppose h is a stationary point of ® and Re h,Im h are linearly
independent. If Sp has u eigenvalues strictly greater than one, counted with multiplicity, then t3
has at least u + 2 eigenvalues strictly greater than one.

Proof. Differentiation gives Sph = h. Since .Sy, is real symmetric, it fixes the two-dimensional real
space E = spang(Re h,Im h) pointwise. Let U be the sum of its eigenspaces with eigenvalue greater
than one. Then dimU =w and U L E.

The covariance correction

C=t2-8,= t/ph(v)va du >0 (95)

is strictly positive on every nonzero vector z € E. Indeed, 27 S,z = ||z||> > 0 implies positive
measure for {v: v -z # 0}. On this set v - h # 0, since x is a real linear combination of the real and
imaginary parts of h. Thus pp,(v) > 0 there and 27 Cz > 0.

For a nonzero z € E @ U, a nonzero U-component gives z (S, — I)x > 0, while 27 Cx > 0. If
that component vanishes, z € E \ {0} and the strict positivity comes from C. Hence t¥ — [ is
positive definite on the (u 4+ 2)-dimensional space E'@® U. The min—max principle proves the claimed
strict eigenvalue count. ]
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Lemma 12.5. IftA3(X) < 1, then S, = I, at every global mazimizer h of ®.

Proof. If h is real up to a global phase, rotate that phase to make it real. For every real vector z,
the imaginary variation gives

2

1d
— O (h + iez)

T
= = — <0.
5 62 z (Sh I)Z 0

e=0

Therefore Sy, < I; this also covers h = 0. Otherwise the real and imaginary parts are independent.
An eigenvalue of Sj above one would, by Lemma 12.4, force tA3(2) > 1, a contradiction. O

Proof of Theorem 12.1. First suppose an ordered empirical limit exists. At every maximizer,
Lemma 12.5 gives S, = I. For a real unit top eigenvector z of 3,

1> 2182 =th (D) - t/ph(v)(v 22)2dp >t () — tLPmy,.

Consequently my, > (tA(X) — 1)/(tL?) > 0, uniformly over the maximizing set. Lemma 12.3,
Theorem 6.1, and the endpoint identity (28) now give (89).

For arbitrary changing orders, every subsequence has a further subsequence along which the
ordered empirical measures converge weakly on the compact set [0,1] x B(0,L). The limit has
Lebesgue position marginal and covariance Y. The lower bound just proved is the same for every
such limit, because it depends only on ¢, L, r, A\1(X). A subsequence violating (89) would contradict
its own ordered-limit bound. O

Corollary 12.6 (A necessary three-eigenvalue condition). Under the bounded-row and covariance-
convergence assumptions, if
D1 (An)
lim inf <0,
Nsoo N(N —1)per Ay

then tA3(X) > 1. Thus a negative leading normalized endpoint derivative requires at least three
limiting nontrivial eigenvalues of Ay strictly above two.

Proof. If tA;(X) > 1, this is the contrapositive of Theorem 12.1. If tA\;(X) < 1, then log(1l + s) < s,
with strict inequality for s > 0, shows ®(h) < 0 for every h # 0. If the row projection vanishes
almost everywhere, the same conclusion follows from ®(h) = —||h||>. Thus the maximizing set is
{0} and R(0) = 1. Theorem 6.1 gives convergence of the displayed normalized derivative to zero,
including the first critical boundary tA\;(X) = 1. Compactness of ordered empirical subsequences
gives the same conclusion for changing orders. O

Corollary 12.7 (Latent rank at most two). For real rows in R?, if tA1(X) > 1, then every sequence
of orders satisfies
2
th(X)—1
i inf D1 (An) > (tM(2) - 1)
N—oo N(N —1)per Ay 128¢2 L4
Together with Theorem 6.3 and Corollary 6.4, this proves eventual endpoint increase in both
noncritical regimes when 3 # 0.

> 0.
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12.3 Scope and the rank-two literature

The first critical boundary can still leave derivatives of smaller order than N? per Ay; the sign of
such derivatives is not decided here. A public manuscript of ligsweep [11] claims permanent-on-top
for all real PSD matrices of rank at most two. If that claim is accepted, its hereditary form, closure
under nonnegative diagonal addition, and the endpoint sign-Gram identity already imply finite-order
endpoint nonnegativity for that class plus a nonnegative diagonal. The proofs above use no result
from that manuscript. They give an explicit strict asymptotic margin and apply in arbitrary latent
dimension through the number of supercritical covariance eigenvalues.

13 Exponential rarity of negative endpoint orders

The product-limit calculation in Corollary 6.2 has a probabilistic consequence for uniformly permuted
deterministic row clouds. It uses standard bounded-difference concentration in addition to the full
mean-field criterion.

Corollary 13.1 (Uniform random orders). Fizt > 0, r > 1, and deterministic rows VI,Ns---,UN,N €
B(0,L). Suppose

N
1
=y L= D= [l i), () > 1
=1

Let wn be a uniformly distributed permutation of the N row labels, and set
AR = In + (t/N)VF¥ (V)T

There exist constants n,c,C > 0 and Ny such that, for N > Ny,

Di(AYY) —eN
P < e,
{N(N — 1) per A <npsCe (96)

In particular the fraction of labelled permutations with nonpositive endpoint derivative is at most
Ce=N. Under any joint coupling of the uniform permutations across orders, the displayed normalized
derivative is at least n almost surely for all sufficiently large N. Independence across orders is not
required.

Proof. Set p = dxv(dv). For this product ordered limit, Corollary 6.2 gives the strictly positive
number

. mp(4—my)

Cy = min ——=

> 0.
heK, 12

Take n = ¢, /2. There is a weak neighborhood U of p and an order Ny such that every bounded-row
array of order N > Nj with ordered empirical measure in U has normalized derivative at least 7.
Otherwise, choose successively smaller neighborhoods of p and increasing orders to obtain empirical
measures converging to p, each with normalized derivative below c,/2. This contradicts the liminf
bound ¢, from Theorem 6.1 and Corollary 6.2.

By the definition of the weak topology on the compact row-position space, choose finitely many
real continuous functions fi,..., fj, € > 0, and B = max(1, max; || fj|loc) such that

{u:‘/fjdu—/fjdp‘<efor1§j§J}§U.
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For a uniform permutation m, define

N
1 .
Xjn == fili/N, vz n)-
N =
Its expectation is

N
EXj N = % > fi(i/N,van) — /fj dp.
i,a=1
Indeed the deterministic position-grid measures converge to Lebesgue measure and vy = v, so
their product measures converge weakly. For large enough N, every expectation above is within €/2
of its limit.

Swapping two assigned row labels changes X x by at most 458/N. Reveal the permutation one
position at a time. Conditional on the already exposed labels, completions for any two choices of the
next label can be coupled by exchanging just those two labels. Thus the conditional expectations
for the two choices differ by at most 4B /N, and each increment of the associated Doob martingale
has absolute value at most 4B/N.

The bounded-increment martingale inequality of Azuma [1] now gives

2

P{|Xjn —EX;n| > €/2} < 2exp (-&%) : (97)
For clarity, this version follows directly by applying conditional convexity to a centered increment Z
with |Z| < a: E(e*? | F) < cosh(sa) < e5°@*/2 Tteration and Markov’s inequality give the two-sided

bound 2e~%*/(2Na*). qubstitute a = 4B/N and u = ¢/2.
The event in (96) forces the ordered empirical measure outside U. The union bound in (97) proves
the assertion with C' = 2.J, ¢ = ¢2/(128B%), and a sufficiently large Ny. Finally 3"y Ce N < o0, so
the first Borel-Cantelli lemma gives the almost-sure conclusion under any joint coupling. O

The constants and the sufficient order in this corollary are existential: the weak-neighborhood
argument does not supply explicit finite rates for the mean-field approximation. When a deterministic
cloud admits an ordered endpoint counterexample, the corollary shows that such negative endpoint
orders occupy an exponentially small fraction of its labelled permutations. It makes no assertion of
monotonicity over the full g-interval for the other orders.

14 Formal proof and reproducibility

14.1 What the Lean development proves

The accompanying Lean project pins Lean 4.19.0 and Mathlib revision

c44e0c8eeb63cal66450922a373c7409¢5d26b00Db.

It has 32 proof modules. A separate audit module enumerates all 2068 declarations whose defining
module is one of them, including private and generated declarations, and computes their transitive
axioms. Of these, 1319 are auxiliary declarations that the Lean 4.19 code generator stores for
executable definitions; beyond the standard axioms they may refer only to its placeholder 1cProof
and to one another, and no other declaration depends on them through an axiom. Each of the other
749 declarations is a theorem, definition or inductive construction, not an axiom, and depends only
on
{propext, Classical.choice, Quot.sound}.
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There is no sorry, no added axiom and no native evaluation; in particular Lean.ofReduceBool
does not occur.

The development defines the inversion-weighted polynomial P, of an ordered matrix by its
permutation sum, exactly as in Section 2, and proves that D is its derivative. It proves, for every
real matrix V with three columns, the identity 2D1(VVT) = (3)[|f||% — ||G||% of Lemma 2.1, with
both Fischer norms written as factorial-weighted coefficient sums of the actual product and wedge
polynomials. It proves the four-row recurrence of Lemma 3.1, the parity decomposition (9)—(11),
the semantics of an executable sparse integer implementation of the recurrence, and certificate
soundness: for every list L of integer types, if the integer test Ty > (g)P computed from L succeeds,
then the Gram matrix of the row word of L has D; < 0, and there are a rational matrix of the
same order that is positive definite and rationals 0 < ¢ < ¢2 < 1 with P, < F,,. The last step is a
general reduction: a real positive-semidefinite matrix with negative endpoint derivative yields a
rational positive-definite matrix and a rational interior decreasing pair. Identity padding is proved
for the actual polynomial, together with preservation of positive definiteness and rationality; one
fixed rational pair therefore serves every larger order.

For the frozen input, the development defines the 896 ordered rows from the reversed type list,
proves that the Gram matrix is positive semidefinite, and proves that the row matrix and the Gram
matrix have rank exactly three. The rank proof uses the rows with zero-based indices 0, 1,894,
whose matrix is

-3 2 20
—3 -2 20|,  det =480,
3 2 20

through a lemma about the outermost type that avoids expanding all 224 nested row constructors.
This is a different minor from the one in Table 1; both certify the same rank. Finally it proves that
each of the following hypotheses implies the all-orders statement

31,2 €Q, 0< 1 <q<1, VN>8963Ay c QYN Ax =0, Py,(Ayx)< P, (AN):

the integer test above for the frozen type list, and the Fischer-norm inequality (836) I£12 < [|IG||3
for the frozen rows.

The project also contains scalar lemmas used by the asymptotic sections: bounds for the spherical
Gini gain, logarithmic and radial errors, rational score margins and condition-number arithmetic for
the families of Theorems 10.2, 11.2 and 11.3, and two finite matrix steps of Section 12. These lemmas
formalize the indicated inequalities only; they do not formalize the probabilistic constructions or
limits that supply their hypotheses.

14.2 What is checked outside Lean

The evaluation of the integer test on the frozen input is not carried out in Lean. Kernel reduction
of the 224-step recurrence, whose polynomials have up to about 10° coefficients of several thousand
digits, is far beyond practical limits. An earlier stage of this work evaluated it with Lean’s native
code generator through native_decide, which adds Lean.ofReduceBool and hence the compiler
and runtime to the trusted base [9]; that module is not part of the present development. Instead, the
hypothesis of the conditional theorems is checked by the two exact programs of Section 3: the integer
implementation of the four-row recurrence, and the independent row-by-row modular computation,
which determines P, Ty and T through the Chinese remainder theorem. The finite counterexample
is therefore a formal reduction together with an exact computation; it is not a closed Lean theorem.

The explicit matrix A = MB + I,, and the explicit pair ¢ = 1 —2/Q, ¢o = 1 — 1/Q of
Section 4 have conventional proofs; the formal positive-definite conclusion is existential. The
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mean-field endpoint functional, Gaussian concentration, subcritical asymptotic, spherical saddle
analysis, algebraic grids, operator factorization, spectral obstruction, random-order theorem and
coherent-ordering theorem are conventional proofs as well. Their finite matrix and scalar ingredients
are formalized only where stated above.

15 Limits and further questions

The finite certificate provides an economical explicit real witness, but it does not establish the
minimum possible order. The formal rank-three construction does not prove that rank two is
impossible at every parameter; no minimum-rank theorem is asserted here. Monotonicity on the
whole negative half-interval and failure at an arbitrarily prescribed positive interior parameter are
not settled here.

The mean-field result distinguishes a coherent-saddle threshold from the sign of the endpoint
derivative. The general limiting functional contains three nonnegative exterior contributions, and
negativity of D requires their combined score to exceed one. The subcritical formula shows that
this cannot happen below limiting condition number two within the stated fixed-rank class. The gap
between that obstruction and the explicit upper construction at 227 remains open. The stronger
spectral obstruction also requires three limiting nontrivial eigenvalues above two for a strictly
negative N2-scale derivative. It does not resolve the sign of a vanishing normalized derivative at the
first critical threshold, and is not a theorem about every finite positive-definite matrix satisfying
a spectral bound. The asymptotic theorems do not supply a numerical sufficient order for their
particular well-conditioned families. The finite matrix and the bounded-condition constructions
should not be conflated.

16 Research process and Al disclosure

This is fully autonomous agentic research. The finite witness, its exact certificate and four-row
recurrence, the regularization, the asymptotic and spectral theory, the original Lean development
(for Lean 4.19.0), an evaluation of the certificate with native code, and the literature search were
produced by autonomous Al research agents in earlier sessions. Their records do not name the
system used. The audits and separate implementations in those records were produced within the
same automated workflow.

Opus 5.5 by Anthropic used with Claude Code assessed the package for this release. It reran the
integer recurrence program on the frozen inputs, wrote and ran the independent row-by-row modular
computation and the Chinese-remainder determination of Section 3, checked the endpoint identity
and the regularization of Section 4 line by line, removed the native evaluation from the formal
development, added the frozen-input module with its rank and conditional all-orders theorems, ran
the fresh Lean build and whole-project axiom audit, and revised this manuscript. The asymptotic
and spectral sections were carried over from the earlier sessions and were read, but not rederived
line by line, in this release.

Dev D. Goyal is responsible for publication. The work has not been externally peer reviewed; no
expert validation is claimed, AI checks are not human peer review, and the novelty assessment is
provisional and does not establish priority. Section 14 states the formal scope.
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A Complete ordered integer data

The following table is read by increasing index. Each triple is a type (a,b,¢), added as the outer
four-row operation in Section 3. Thus the list is inner-to-outer. In a list implementation that
recursively wraps the first type around the tail, the input must be reversed; the formal source
records this conversion explicitly.

Table 2: All 224 four-row types, in inner-to-outer order.

j (a,b,c) j (a,b,0) Jj (a,b,0) (a,b,c)

1 (0,1,0) 2 (0,1,0) 3 (0,1,0) (0,1,0)

5 (0,1,0) 6 (0,1,0) 7 (0,1,0) 8 (0,1,0)

9 (0,1,0) 10 (0,1,0) 11 (0,1,0) 12 (0,1,0)

13 (0,1,0) 14 (0,1,0) 15 (1,23,11) 16 (1,23,11)
17 (1,30,20) 18 (19,24,2) 19 (19,24,2) 20 (31,32,3)
21 (31, 3 ,3) 22 (11,25,2) 23 (11,25,2) 24 (12,31,5)
25 (15,28,3) 26 (15,28,3) 27 (18,28,3) 28 (18,28,3)
20 (29,16,2) 30 (29,16,2) 31 (20,9,1) 32 (30,25,3)
33 (19,16,2) 34 (32,22,3) 35 (32,22,3) 36 (3,23,10)
37 (3,23,10) 38 (6,29,10) 39 (14,5,1) 40 (14,5,1)
A1 (31,7,2) 42 (31,7,2) 43 (18,2,1) 44 (28,3,2)
45 (29,1,1) 46 (2,23,23) 47 (1,11,11) 48 (2,24,31)
49 (2,24,31) 50 (7,21,6) 51 (7,21,6) 52 (13,29,7)
53 (4,27,17) B4 (4,27,17) 55 (3,27,22) 56 (3,27,22)
57 (9,15,4) 58 (9,15,4) 59 (23,31,8) 60 (7,29,16)
61 (7,29,16) 62 (6,19,8) 63 (6,19,8) 64 (5,11,4)
65 (5,11,4) 66 (10,17,6) 67 (30,31,9) 68 (30,31,9)
69 (17,21 7) 70 (17,21,7) 71 (25,21,7) 72 (31,26,9)
73 (16,11,4) 74 (6,25,20) 75 (6,25,20) 76 (8,21,12)
77 (8,21,12) 78 (26,15,6) 79 (26,15,6) 80 (19,9,4)
81 (19,7,4) 82 (19,7,4) 83 (29,7,6) 84 (29,7,6)
85 (16,31,16) 86 (16,31,16) 87 (4,12,9) 88 (14,2,3)
89 (14,2,3) 90 (24,1,5) o1 (24,1,5) 92 (4,6,3)

93 (19,28,14) 94 (19,24,12) 95 (20,21,11) 96 (20,21,11)
97 (28,24,13) 98 (28,24,13) 99 (6,23,25) 100 (6,23,25)
101 (10,29,27) 102 (20,32,21) 103 (20,32,21) 104 (14,30,23)
105 (14,30,23) 106 (32,20,13) 107 (32,20,13) 108 (4,3,2)
109 (31,12,11) 110 (31,12,11) 111 (27,14,11) 112 (29,15,12)
113 (1,7,12) 14 (1,7,12) 115 (5,21,29) 116 (30,6,11)
117 (30611) 118 (10,3,4) 119 (10,3,4) 120 (28,32,23)
121 (25,29,21) 122 (21,19,14) 123 (20,1,8) 124 (20,1,8)
125 (31,3,13) 126 (31,3,13) 127 (15, 26 ,24) 128 (15,26, 24)
129 (13,28,28) 130 (24,25,22) 131 (24,25,22) 132 (9,12, 11)
133 (9,12,11) 134 (17,13,12) 135 (17, 13 12) 136 (31,19,20)
137 (25,10, 14) 138 (25,10, 14) 139 (27,14,17) 140 (25,13, 16)
141 (8,20,27) 142 (9,22,30) 143 (12,25,30) 144 (16,3,9)

Continued on the next page
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i (a,bc) i (a,b,c) j (a,b,c) i (a,bc)
145 (16,3,9) 146 (24,8,15) 147 (27,9,17) 148 (32, 25,29)
149 (23,18,21) 150 (23,22, 26) 151 (17,20,24) 152 (17,20,24)
153 (15,23,29) 154 (12,18,23) 155 (1,5,11) 156 (3,14,31)
157 (6,17,30) 158 (13,1,9) 159 (13,1,9) 160 (18,2,13)
161 (18, 2,13) 162 (11,6,10) 163 (11,6,10) 164 (22,17,25)
165 (8,3,7) 166 (8,3,7) 167 (16,7,15) 168 (16,7,15)
169 (9, 9 14) 170 (16,16, 25) 171 (17,12,21) 172 (13,19,31)
173 (7,10,17) 174 (9,17,31) 175 (7,13,24) 176 (20,15, 29)
177 (21,16,31) 178 (9,9,17) 179 (31,1, 32) 180 (30,1,31)
181 (29,1,31) 182 (28,1,30) 183 (15,1,17) 184 (15,1,17)
185 (18,1,21) 186 (19,2,23) 187 (19,2,23) 188 (12,1,15)
189 (12,1,15) 190 (3,10,29) 191 (3,10,29) 192 (5,10,24)
193 (13,12,29) 194 (12,11,27) 195 (3,4,10) 196 (7,9,23)
197 (9,0,14) 198 (16,0,25) 199 (8,0,13) 200 (13,0,22)
201 (17,0,29) 202 (9,0,16) 203 (5,0,9) 204 (8,0,15)
205 (10,0,19) 206 (1,0,2) 207 (12,0,25) 208 (9,0,19)
209 (14,0,31) 210 (4,0,9) 211 (11,0,26) 212 (5,0,12)
213 (11,0,28) 214 (3,6,25) 215 (4,7,31) 216 (5,6,28)
217 (5,6,29) 218 (3,0,10) 219 (9,0,31) 220 (4,0,15)
221 (6,0,25) 222 (5,0,22) 223 (3,2,19) 224 (3,2,20)
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