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Abstract

Vandaele, Gillis, Glineur and Tuyttens conjectured in 2016 [5] that every entrywise nonnegative
matrix M satisfies rank, (M ® M) > rank, (M) rank(M), where rank, is the nonnegative rank.
We show that this fails. For every integer k£ > 0 there is an entrywise nonnegative rational matrix
C of order k + 11 with rank C = k + 10, ranky C = k + 11 and rank, (C ® C) < (k + 10)? + 9,
so that rank (C ® C) < rank, (C)rank(C) — (k +1). The matrix is the direct sum of a classical
4 x 4 matrix of rank three and nonnegative rank four with a small diagonal perturbation of an
all-ones matrix. The saving comes from the two mixed Kronecker blocks: a positive rank-one
term can absorb a small real perturbation of rank ¢ using only ¢ + 1 nonnegative rank-one terms.
At k = 0 an explicit rational factorization of width 109 of the 121 x 121 square has been checked
in exact arithmetic, against the conjectured bound 110. The whole family, with nonnegative
rank minimized over all real factorizations, is formalized in Lean 4.

1 The conjecture and the result

For an entrywise nonnegative real m x n matrix M, the nonnegative rank rank (M) is the least
integer d > 0 such that M = UV with U € R’;‘()Xd and V € R‘%”; equivalently, the least number
of nonnegative rank-one matrices with sum M [3]. Ordinary rank is taken over R. Clearly
rank M < rank, M < min{m,n}.

The Kronecker product satisfies rank (M ® N) < rank, (M)rank, (N), and a conjecture recorded
at a Dagstuhl seminar asked for equality. Vandaele, Gillis, Glineur and Tuyttens [5] reported
counterexamples to equality found by exact nonnegative matrix factorization heuristics, including a
4 x 4 matrix of rank three and nonnegative rank four whose Kronecker square has nonnegative rank
12 =4-3. In light of this example they proposed the weaker bound

rank (M ® M) > rank, (M) rank (M) for every nonnegative matrix M (1)

as Conjecture 1 of [5, §6.1]. The statement imposes no symmetry, irreducibility or positivity
condition. Chauhan and Choudhury [2] recently proved (1) for every nonnegative matrix with at
most three rows or at most three columns, as a consequence of multiplicativity for such factors, and
proved multiplicativity when one factor has rank one.

Let Js be the s x s all-ones matrix and put

17 17 1 1
1 17 17 1 1

A=11 1 o @7 100800 ¢(3t + 1)’ By = Jip1 + ey,  Ci=A® By (2)
7 1 1 17
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Theorem 1. For every integer t > 1 the matriz Cy is entrywise nonnegative and rational, of order
t+5, with

rank Cy =t + 4, rank; Cy =t +5, rank, (C; @ Cp) < (t+4)* +9.
Consequently rank, (Ct) rank(Ct) — ranky (Cy ® Cy) >t — 5, and (1) fails for every t > 6.

Writing t = k46, Theorem 1 gives the family of the abstract: order k+ 11, rank k£ 4 10, nonnegative
rank k 4+ 11 and a deficit of at least k 4+ 1, which is unbounded. The smallest member is

Ce=Aa (J7 + m&), rank Cg = 10, rank; Cg =11, rank(Cs® Cg) < 109 < 110.

The value 109 is an upper bound; we do not determine rank (Cs ® Cg) and make no claim about
the least order of a counterexample or about optimal constants.

The seed matrix A, the direct-sum identity for nonnegative rank and the factorization rules are
known. What is new is the use of a simplex factorization (Lemma 1) in the two mixed Kronecker
blocks A ® B; and B; ® A; Section 8 gives the comparison with prior work.

Formal verification. The whole family, with nonnegative rank minimized over all real nonnegative
factorizations, and the negation of (1) are proved in Lean 4, and the width-109 factorization of
the £ = 0 member is also checked in exact rational arithmetic (Section 7). A fresh replay on 30
October 2026 rebuilt all 14 modules of the Lean project from source against the pinned Mathlib
revision and audited all 130 declarations defined in them, 96 of which are theorems; each depends
only on propext, Classical.choice and Quot.sound. Two exact rational checks of the order-11
factorization also passed. The record is in verification/ and lean/verification/.

2 Factorization facts

The following facts are standard. A factorization of width d can be padded by zero columns and
rows to any larger width. Nonnegative rank is invariant under permutations of rows and of columns.
If M =UV and N = XY are nonnegative factorizations, then M @ N = (U ® X )(V ®Y), so widths
multiply; for two matrices of the same shape, concatenating left factors and stacking right factors
factors their sum, so widths add.

For a direct sum, rank(M @ N) = rank M + rank N and
rank, (M & N) = ranky (M) + rank (V). (3)

Block-diagonal factors give <. Conversely, write M @& N as a sum of nonnegative rank-one terms
xy'. Every term vanishes on the off-diagonal blocks. If 2 has a positive entry in the rows of M,
then y vanishes on the columns of N, and such a term contributes nothing to the N block; otherwise
the term contributes nothing to the M block. Splitting the terms accordingly gives factorizations of
M and N whose widths add up to at most the original width. This is the matrix case of Lemma 4.1
of Qi, Comon and Lim [4].
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3 The seed matrix

Let P be the cyclic permutation matrix with first row (0,1,0,0) and S = I4+ P, so that A = 165+ Jy.
Every row and column of S sums to two. With

U=1L+3J,, V=165S+%J

we get UV = 165 + (% + % + %)Jg} = 16S + Jy = A, a nonnegative factorization of width four
whose entries satisfy U;; > 36 and V;; > %.

Ordinary rank. Let R consist of the first three columns of A and

1 0 0 1
T=10 1 0 -1
0 01 1
Then RT = A, the leading 3 x 3 minor of A equals 4608, and hence rank A = 3. Note |R;;| < 17
and ’T'”| < 1.
Nonnegative rank. Suppose A = XY with nonnegative X € R**3 and Y € R3*4. Each diagonal
entry 17 = >, X;nYn: has a term of size at least 17/3, and by pigeonhole two distinct diagonal

positions i # j share the same index h. Since every term of A;; = >, X;,Y}; is nonnegative,
2
(%) < (XinYni) (X Yn) = (XinYn ) (XjnYni) < AjjAj <17,

which is false because 289/9 > 17. Padding excludes smaller widths, so rank, A = 4 over all real
nonnegative factorizations.

The matrix A and its rank gap are classical. The nested-squares family of [5, §6.1] at a = 8/9,
with rows reordered as (3,2,4,1), is A/9, and A/36 is a member of a family of Bocci, Carlini and
Rapallo [1] after a permutation of rows and columns. The elementary argument above is included
because the formal proof uses it.

4 A simplex factorization

The next identity lets a positive rank-one term absorb a small real perturbation of rank ¢ at the
cost of only ¢ further nonnegative terms. It is the algebraic form of the familiar observation that a
simplex with ¢ + 1 vertices fits around a point in the interior of the positive orthant.

Lemma 1. Let ¢ > 1, let u be a column vector and v a row vector with u; > % and v; > 1—10, and

let X andY be real matrices with q columns and q rows respectively, with |X;,| < 17 and [Yy;] < 1.
Putn= Wloq and € = W(qﬂ)' Then uwv + eXY has a nonnegative factorization of width q + 1.
Proof. Write X, for the columns of X, Y}, for the rows of Y and ¥ = 37 | V}. Index ¢ + 1 left
columns and right rows by 1,...,q, * and set

g+1 n

q
v € b v € X
Hy=u+nXp, H.=u-— X, Gy = Y, — ——), = - — .
4 1 77; h h ( q+1) g+1 ng+1
Then >, G, + G« = v and G, — Gy = (¢/n) Y}, so

> HyGy+ HoGe = u(Y Gr+ G.) +0° Xn(Gh — G.) = uv + XY
h h h

3
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Every entry of Hj, is at least % — igq and every entry of H, is at least 3—16 — % = %; both are
1

positive. Since €/n = CES)] and each entry of ¥ has absolute value at most ¢, every entry of Gy, is
1 —

1 1 1 : 1
at least 150,07 — To0,51) (1+ ﬁ) > o051y and every entry of Gy is at least 1507 — qo051) =
3
40(g+1)" O

No sign or minimality condition on X and Y is needed.

5 The mixed Kronecker blocks

Lemma 2. For everyt > 1, rank, (A ® B;) < 3t + 4 and rank (B, ® A) < 3t + 4.

Proof. Let s = t+ 1 and index {1,...,s} as 1,...,t,%. Let W be the s x t matrix with rows
el,... el followed by —1[, and let Z be the ¢ x s matrix with Z; = [j = h] — %, where the indicator
vanishes in the last column. A direct check gives WZ = E; := [, — %JS, with [Wipl, | Zy;| < 1.
Put R=R®@W and T =T ® Z, of inner dimension ¢ = 3t. Then RT = A® Ej, |R;n| < 17 and
|Th;] < 1.

With e = ¢ and =1+ €/s we have els = eE, + £Js, hence

3
A®B =BA®J,+eARE, = (U, ®1,)(8V, ® 1)) + €RT,
h=0
where Uy, and V}, are the columns of U and the rows of V' from Section 3. Keep the three terms
with h = 1,2,3 and combine the term with h = 0 with eRT. The vectors u = Up ® 15 and
v = BVp ® 1] satisfy the hypotheses of Lemma 1, and with ¢ = 3t its constants are n = ﬁ
and € = Wt(gtﬂ) = ¢;. Lemma 1 therefore writes the combined term with 3t 4+ 1 nonnegative
rank-one terms, and A ® By is a sum of 3+ (3t + 1) = 3t +4 of them. The matrix B; ® A is obtained
from A ® B, by the same permutation of rows and of columns. O

Remark 1. Since rank(A ® By) = 3(t + 1), Lemma 2 gives rank (A ® B;) € {3t + 3,3t + 4}, while
ranky (A) rank, (B;) = 4t + 4. So multiplicativity fails by at least ¢ for a pair in which B; is an
arbitrarily small perturbation of a rank-one matrix; by [2, Theorem 1.3] it holds when one factor
has rank exactly one.

6 Proof of Theorem 1

All entries of C; are nonnegative rationals. For e¢ > 0 the matrix Js; + €l is invertible, with

inverse e I, — ﬁJS by J? = sJ,. Hence rank B; = rank; B; = t + 1. With Section 3 and (3),

rankCy =3+ (t+1)=t+4 and ranky C; =4+ (t+1) =t +5.

Reorder the row pairs and the column pairs of Cy ® C; by the blocks of their two coordinates. The
same bijection on rows and columns identifies C; ® C; with

(AR A)® (AR B,) ® (B, ® A) @ (B ® By).

These blocks have nonnegative factorizations of widths 16, 3t +4, 3t +4 and (¢ + 1)?, by the product
rule and Lemma 2. Assembling them block-diagonally,

rank, (C; @ Cy) <16 +2(3t +4) + (t+ 1) = (t +4)* +9.
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Finally (¢t +5)(t+4) — ((t +4)24+9) =t — 5. O

7 Formal verification and exact certificates

The Lean project in lean/ pins Lean 4.35.0-rc3 and Mathlib at commit 0db6cb99b412; lean/
lake-manifest.json fixes every dependency. Entrywise nonnegativity is EntryNonnegM, meaning
0 < M;; for all 7,j. HasNMFMd asserts the existence of real matrices U,V with inner index Find,
both entrywise nonnegative, with UV = M exactly. nnrankM is the least such d, defined with
Nat.find; the project proves that every finite nonnegative matrix has a factorization, that the
minimum is attained, and that nnrank M < d holds exactly when HasNMFMd. Ordinary rank is
Mathlib’s Matrix.rank over R, and ® is Mathlib’s Kronecker product.

The central declaration MatCKronecker.exists_rational_counterexample_with_gap states that
for every natural number k there is C' indexed by Fin(k+11) with nonnegative rational entries,
rank C' = k + 10, nnrank C' = k + 11, nnrank(C ® C) < (k + 10)? + 9 and nnrank(C ® C) + k <
nnrank(C') rank(C'). The declaration counterexample_eleven is the case k = 0, and vandaele_
gillis_glineur_tuyttens_conjecture_false negates (1) quantified over all finite rectangular
real nonnegative matrices. The formal proof follows Sections 2—-6, including the direct-sum lower
bound, the pigeonhole bound for the seed and Lemma 1 for arbitrary finite index types; lean/
CORRESPONDENCE.md maps each step to its declarations.

The script 1lean/verify.sh removes the project’s build output, rebuilds every module with Lake’s
local artifact cache disabled, prints the types and axiom dependencies of all declarations defined in the
project, and writes lean/VERIFICATION. json, which rejects unbuilt modules, missing declarations
and any axiom beyond propext, Classical.choice and Quot.sound.

Independently of Lean, certificate/C11_NMF109. json stores Cg and nonnegative rational matrices
L of size 121 x 109 and R of size 109 x 121. The generator certificate/exact_certificate.py
rebuilds them from the construction and checks LR = Cg ® Cg entry by entry in exact arithmetic.
The separate script certificate/check_factorization.py rebuilds Cg from (2), compares it with
the stored copy, checks the signs of L and R and all 14,641 entries of LR, and computes rank A = 3
and rank Cg = 10 by rational elimination. These checks confirm the upper bound for the fixed
witness only; the lower bound rank; Cs = 11 rests on Section 3 and (3), which are proved in Lean.

8 Prior work

The conjecture and the seed matrix are from [5]; the seed also appears in [1]. The direct-sum
identity (3) is known [4], and the sum and product rules are standard [3]. The new ingredient is the
use of Lemma 1 in the mixed blocks A ® By, which lowers their width from 4(¢ 4 1) to 3¢t + 4 and,
summed over the two mixed blocks, overcomes the conjectured bound. The literature comparison in
October 2026 covered [5, 2, 1, 4], searches of the arXiv, MathOverflow and citing records, and the
code accompanying [5]. It found no earlier counterexample to (1), and [2], submitted in July 2026,
treats the conjecture as open. The search is bounded and historical priority is not certified.
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9 Limitations

The theorem gives upper bounds for rank (C; ® C}); its exact value is not determined for any t,
nor is the least order of a counterexample. The witness is a direct sum; the theorem says nothing
about irreducible, symmetric or strictly positive counterexamples, which the conjecture does not
exclude. Lean verification establishes only the formal statements described in Section 7.

10 Research process and Al disclosure

This is fully autonomous agentic research. The construction, the proof, the Lean formalization,
the exact certificate, the literature searches and an earlier version of this note were produced by
autonomous Al research agents in an earlier session. The records of that session state that two of
its novelty reviews used GPT-6.1 Terra and GPT-6.1 Sol; they do not name the system used for the
construction and the formalization.

Opus 5.5 by Anthropic used with Claude Code assessed the package for this release. It checked
the argument line by line, read Conjecture 1 in [5] and the statements of [2], compared the
Lean definitions of nonnegativity, factorization, nonnegative rank and the conjecture with the
statements above, ran the fresh Lean replay, reran the exact certificate, wrote the independent
check certificate/check_factorization.py, and wrote this manuscript. The editorial revision
of 1 November 2026, also made with Opus 5.5 by Anthropic used with Claude Code, changed the
presentation only, not the mathematics, the certificate or the formalization.

Dev D. Goyal is responsible for publication. The work has not been externally peer reviewed; no
expert validation is claimed, Al checks are not human peer review, and the novelty assessment is
provisional. Section 7 states the formal scope, and Sections 8 and 9 the remaining limits.

References

[1] C. Bocci, E. Carlini and F. Rapallo, Perturbation of matrices and non-negative rank with a view
toward statistical models, preprint (2010). arXiv:1010.3566.

[2] B. P. Chauhan and P. N. Choudhury, SNT-rank: Kronecker products and Euclidean distance
matrices, preprint (2026). arXiv:2607.27037.

[3] J. E. Cohen and U. G. Rothblum, Nonnegative ranks, decompositions, and factorizations of
nonnegative matrices, Linear Algebra Appl. 190 (1993), 149-168.

[4] Y. Qi, P. Comon and L.-H. Lim, Semialgebraic geometry of nonnegative tensor rank, SIAM J.
Matrixz Anal. Appl. 37 (2016), 1556-1580. arXiv:1601.05351.

[5] A. Vandaele, N. Gillis, F. Glineur and D. Tuyttens, Heuristics for exact nonnegative matrix
factorization, J. Global Optim. 65 (2016), 369-400. arXiv:1411.7245.


https://arxiv.org/abs/1010.3566
https://arxiv.org/abs/2607.27037
https://arxiv.org/abs/1601.05351
https://arxiv.org/abs/1411.7245

	The conjecture and the result
	Factorization facts
	The seed matrix
	A simplex factorization
	The mixed Kronecker blocks
	Proof of Theorem 1
	Formal verification and exact certificates
	Prior work
	Limitations
	Research process and AI disclosure

