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Abstract

Two compact convex polytopes in R* are specified by explicit integer vertices. For these
sets, classical two-block ADMM, with penalty one and multiplier-only step 199/100, has
a nonconstant period-five trajectory. Both primal subproblems have unique solutions, the
polytopes contain the origin, and the instance has a primal-dual saddle point. The squared
primal residual is at least 500000 at every iteration. The construction refutes universal
convergence for this exact update rule throughout (0, 2). Its relation to the question commonly
associated with Glowinski, discussed by Tao and Yuan [1], is stated with explicit literature
limits. The proof consists of forty strict rational normal inequalities and an exact recurrence.
Complete algebraic extensions are also given to finite strongly convex objectives and to
C? strongly convex objectives with globally Lipschitz gradients and a unique constrained
minimizer. A Lean formalization checks the orbit and the unique subproblem minimizers for
the indicator objectives and for the explicit smooth objectives; the analytic regularity of the
smooth objectives rests on the handwritten proofs.

1 The question and the exact algorithm

For proper closed convex functions f, g : R — R U {400}, consider

min f(z)+ g(z) subject tox —z=0. (1)
z,z€ER

With penalty parameter one, scaled multiplier u, and multiplier step 7, the algorithm is

gkt :argmin{f(:v)+%foqutukHQ}, (2)
X

= argmin {g(2) + 32"+ - 2 + b2}, (3)
4

uk+1 — uk + T<$k+1 _ zk:Jrl). (4)

All norms and inner products in this paper are Euclidean. Only the last update is multiplied by
T.

1+v5

The classical sufficient range for this multiplier-only step is 0 < 7 < =5%2. The question
of extending the range to (0,2) is discussed by Tao and Yuan [1]. Gu and Yang study the
dual step using performance estimation [2]. These references supply the research context. A
complete primary-source literature comparison has not been established for this release. No
literature-priority claim is made.

The update rule is essential to the result. Generalized ADMM overrelaxation also changes a
primal argument. Relaxation of a Douglas—Rachford operator can introduce an intermediate
multiplier update. The present proof concerns only (2)—(4). Ryu and Yin give background on
these distinctions [5]. A convergence theorem for another update rule does not imply convergence
for the displayed rule.



Theorem 1 in Section 2 gives the explicit instance. Section 3 extends it to an interval of steps
and to finite and smooth strongly convex objectives. A Lean formalization checks the orbit and
the unique minimizers for the indicator objectives and for the explicit smooth objectives (26)—(27);
Section 5 states its coverage, and Section 6 states the limits of the literature comparison.

2 An explicit four-dimensional instance

All subscripts on the following vectors are taken modulo five. Set 7 =199/100 and let rows of
Z,V be z;,v; respectively, numbered from zero:

20 —-62 —161 80 o7 =289 314 -85
—-52 =38 177 31 —257 —-143 -304 -116
Z=1-53 38 —126 —129|, V=1]-216 200 178 273 |. (5)
20 62 26 178 124 267 16 —325
65 0 84 —160 292 =35 204 253

Define u; = 7v; and x; = z; + v; — v;—1. Thus the matrix with rows x; is

—215 —316 357 —258
366 108 —441 0

X=|-12 381 35 260 |. (6)
360 129 —136 —420
233 —302 —136 418

Put
C = conv{zg, x1,x2, T3, T4}, D = conv{zg, 21, 29, 23, 24 }. (7)

For a set S, its convex indicator is dg(w) = 0 for w € S and +oo otherwise.

Theorem 1 (Nonconvergence below two). Apply (2)—(4) to f = 6c, g = dp, with penalty

one, T = 199/100, and initial state (2°,u°) = (20,u0). Every primal subproblem has a unique

minimizer. For every k > 0, with the harmless initialization x° = x,

(‘Tka ij uk) = (fL’k mod 55 fk mod 55 Uk mod 5)‘

The sets are compact and convez, contain zero, and the problem has the saddle point (0,0,0).
Nevertheless the state is nonconstant and five-periodic, and

|z% — 2¥||2 > 500000 for all k > 0.

In particular, the primal residual does not tend to zero. Hence classical multiplier-only two-block
ADMM does not converge universally throughout (0,2).

2.1 The finite certificate

Define
a; = 2i—1 — Ui—1 — Tj, bi =z +ui—1 — 2. (8)

The rows of the following matrices are 100a; and 100b;:

—30108 38565 13296 —40547
27257 40511 —34486 24915
100A = | 47143 —13443 42596 184 , 9)
1684  —48900 —34422 —25227
—45976 —16733 13016 40675



34608 —32365 11204 16547
—20057 —42911 686 —20015
100B = | —47043 5843  —12296 15816 |. (10)
—8984 46500 19222  —5473
41476 22933 18816 —6875

Here A, B are only names for the displayed normal matrices. The constraint matrices in (1)
remain I, —1.

Direct integer arithmetic gives all twenty-five entries of each normal table, including its five
zero diagonal entries:

0 173466 248761 136989 46913174
47008755 0 208961 343217 386327
(100{a;, 2 — 2;))!,_ = | 252974 47015535 0 157520 196556 |,  (11)
264620 292314 47039232 0 278194
247902 292936 187297 47136525 0
0 292387 8829067 296506 1675570
1626843 0 246637 8780995 218220
(100(by, 2 — 2;))},_o = | 282535 1686239 0 307387 8845564 | . (12)

8824160 296099 1701701 0 322530
328346 8787159 284479 1676996 0

There are forty off-diagonal inequalities in total, and all are strict. The minimum margin is
136989/100. In addition,
Z$Z’ZZZZ‘ZZUZ'ZO, (13)
7 7 (2
and the five squared residuals are, in index order,
(|| — 2]|?)i = (502309, 502797, 502975, 503937, 501912). (14)

Every quantity in (9)—(14) is independently reproducible from the two integer arrays (5).

2.2 Proof over the entire convex sets

The transition from the finite tables to the actual minimizers is elementary but essential.

Lemma 2 (Projection certificate). Let S = conv{po,...,pm} C R If p=p; and q € R? satisfy
(g—p.pj—p) <0 for every j,

then p is the unique minimizer of ||q — y||*> over all y € S.

Proof. Yor y =3, A;jp; € S, where A\; > 0 and }_; A\; = 1, linearity gives
(g—py—p)=Y_Xlg—p.pj—p) <O.
J

Consequently

lg —ylI> = llg — plI> = ly — plI* = 2(¢ — p,y — p) > ||y — p|I*. (15)

This proves minimality, and equality can hold only at y = p. O



Proof of Theorem 1. Finite convex hulls are nonempty, compact, and convex, hence closed.
Equation (13) expresses zero as the uniform average of the vertices of each hull, so 0 € C' N D.
Thus the primal problem has optimal value zero. For its unaugmented Lagrangian

L(x,z,u) = dc(x) + dp(z) + (u,z — 2),

one has L(0,0,u) = 0 = L(0,0,0) < L(x, z,0) for all u,z, z, in the extended-real sense. This
proves the stated saddle-point property.

Fix . By (11), {(a;,x; — ;) < 0 for every j. Applying Lemma 2 with ¢ = z,_1 — u;—1 proves
x; = Po(zi1 — ui—1). (16)

The same argument using (12) proves
zi = Pp(x; + ui—1). (17)

These are the unique minimizers in (2) and (3) for the indicator objectives, since points outside
the respective sets have infinite objective value. Compactness and strict convexity of the squared
distance also guarantee existence and uniqueness for every possible projection center.

By the definition of x;,
Uim1 + T(x; — 2) = TV—1 + T(v; —vi—1) = TV; = ;. (18)

Equations (16)—(18) therefore give one complete ADMM update from phase i — 1 to phase i.
Induction, starting at phase zero, proves the asserted orbit for every natural-number iteration.
Its five z; are distinct, so it is nonconstant and has period five. Finally (14) gives the uniform
lower bound. A real sequence bounded below by 500000 cannot tend to zero. O

Remark 3 (Nondegenerate feasible geometry). The four-row affine determinants, using row four
as base point, are

To — T4 20 — %4

det | 17 4| = 395537260080,  det | 7' T | = 1913707790.
To — T4 22 T 24
T3 — X4 23 — 24

Both sets are thus full-dimensional simplices. Together with the strictly positive uniform
barycentric coefficients in (13), this puts zero in the ordinary interior of each. These determinant
and interior statements are exact auxiliary checks; the Lean-verified core does not require them.

3 Extensions with complete algebraic proofs

The core result is Theorem 1. The following consequences give additional information about the
mechanism. Formal coverage is recorded in Section 5; properties not included in a checked Lean
declaration are not represented as formally verified.

3.1 A whole interval for the same polytopes

Keep X, Z,V fixed and define u; = Tv; for a variable 7. Every positive margin is affine in 7:

mg(fr) = <Z,L'_1 — Tjy, Ty — I‘]> - T<Ui—17$i - xﬂ)?
m

5(7’) = (x; — 25,21 — 25) + T(Vi—1, 2 — 2j).



For ¢ # j all forty slopes are strictly positive. Computing their forty roots in exact rational
arithmetic gives

140111
I?%?({roo (mi;), root(mij)} 70637

The binding entry is (4, j) = (0,3) in the C table, for which

(19)

més (1) = —420333 + 2119117,

The supplied exact verifier includes every slope and root, and checks (19) by integer comparisons.
Thus the same two polytopes have the displayed cycle for every 7 > 140111/70637. Non-strict
normal inequalities at the endpoint still give unique projections by (15). In particular, the
counterexample covers the interval [140111/70637,2), whose lower endpoint is approximately
1.98353554. No claim of sharpness is made for this threshold or for the golden ratio.

3.2 Finite strongly convex objectives
For the remainder of this section, return to 7 = 199/100. Let p = 1/1000 and set
qi = a; — g, r; = b; — pz;.

The same integer data give the strict bounds

24286 . .
(Gis i —xj5), (riyzi — 2z5) > 5~ 1 (i #7), (20)

2713619
—_— >

e > 1 (0<i<4). (21)

(qis i), (ri,zi) >

These rational inequalities are checked directly in the standalone verifier; they can also be
obtained by subtracting the indicated quadratic terms from the normal tables.

Define
fota(w) = 5 ]+ mase (0, e, w - ) ) 2)
Gplq(w) = g”w\‘? + max (O,m?x<m,w — zz>) . (23)

They are finite, continuous, and p-strongly convex. Their nonquadratic terms vanish both at zero
and at their respective sampled points. The affine term indexed by i is active at x;. Therefore
for every w,

fola(w) = folq(zi) = (lwl® = lzill?) + (g, w — )

= (5w —2) + S lw — il (24)

SRS

The analogous inequality holds for gpq with normal b;. Combining (24) with the quadratic
identity (15) proves that each ADMM subproblem has exactly the same unique minimizer as
before: the objective difference from that minimizer is at least (1 + p)|lw — 2;]|?/2, or its z
analogue. Equation (18) then proves the same infinite orbit.

Both functions are bounded below by ju||wl||?/2 and vanish at zero. Thus under the constraint
x = z, zero is the unique minimizer. At multiplier zero this is also a saddle point. The
nonconvergence therefore persists with everywhere-finite strongly convex objectives and a unique
solution.



3.3 Explicit C? strongly convex objectives

Define a scalar function by

0, t < —1,
Pt) = (t+1)3—3t+1)* -1<t<0, (25)
t+1, t>0

The formulas agree at both endpoints. On the middle interval put s = ¢+ 1 € [0, 1]. Then
Y'(t) = 35 — 253, () = 6s(1 — s).

The first two derivatives agree with the exterior formulas at both endpoints. Hence v is C?,
convex, and satisfies 0 < ¢” < 3/2 and ¢/(0) = 1.

Set
4
Fam(w) = Sl + 3= 0 ({gsw — 1)), (26)
1=0
4
gama(tw) = 5 wll” + 3= ((ri, w — ). (27)
1=0

These are C? and p-strongly convex. Their Hessians have the form
V2 fam(w) = pI + 0" (g w — 2:)) qig -
i

Consequently a valid global Lipschitz constant for V foy, is 1+ (3/2) 3;]/¢;[|?, with the analogous

bound for ggpm.

At z;, all hinge arguments except the jth are below —1 by (20); the jth argument is zero. It
follows that

V fsm(z5) = pxj + g5 = ay, Vgsm(zj) = pzj + 15 = bj.

These are exactly the first-order conditions for (2) and (3). Strong convexity makes each minimizer
unique. All hinge arguments at the origin are below —1 by (21), so both objectives vanish there.
They are nonnegative and bounded below by the positive quadratic term. Thus zero is again the
unique constrained optimizer, while the identical five-cycle persists.

There is also a purely algebraic certificate of the proximal updates. For every real t,

P(t) >0,  Qt)=t+3,  $(0) =1 (28)

On the middle interval these follow respectively from

Y(t) = 1s3(2 - 3), Pt)— (t+ ) =21 -5)>1+s).

The exterior intervals are immediate. At a sampled point all other hinge terms vanish, so (28)
gives (24) for the smooth objectives as well. This proves the same unique minimizers without
relying on differentiation.

4 Constructing a finite certificate

The search used the standard Gram-matrix idea from performance estimation, which has already
been applied to ADMM |[2]. For a proposed period K, take formal vectors z;, u; and express
Ui — Uj—1

Ti=zit T 0=z~ Uil — T b =@ituio -2



All these vectors depend linearly on the 2K basic vectors. Their Gram matrix G can therefore
be chosen by a semidefinite program imposing

G=0, trG=1, Zzi:Zui:O, (as, x5 — i), (biyzj —2zi) < —n (i #J),

and maximizing n. Centering is imposed by requiring the corresponding coefficient vectors to lie
in the kernel of G. A simultaneous cyclic permutation of the two families may also be imposed
as a linear symmetry of G.

The indicator construction assigns the same function value to every sampled vertex. As a
result, the pairwise supporting inequalities directly certify a single convex set for each block. A
numerical rank-four solution with K =5 and 7 = 1.99 supplied positive slack. After factoring
its Gram matrix, the construction set v; = u;/7, scaled and rounded z;, v;, and chose the last
row of each family to make its centroid exactly zero. The resulting integer arrays are (5). Their
acceptance depends entirely on the rational tables and the proof above. The semidefinite solver
is used only for discovery; none of its output or feasibility tolerances is trusted in the final proof.
Portable discovery scripts and the original numerical candidate are included for provenance.

5 Formal verification and reproducibility

The formal core uses Lean 4.19.0 and mathlib v4.19.0. It works over actual real coordinate
vectors, with explicitly defined Euclidean dot product and squared distance,

3
dot(p,q) = > pjaj,  saDist(p,q) = > (p; — ¢;)*.
=0

The ambient function type’s default norm is never substituted for these expressions. The feasible
sets are the actual real convex hulls of the displayed five vertices.

Module Mathematical content

ADMMGeometry.lean Convexity, compactness, closedness, zero-centroid member-
ship; extension of the vertex inequalities to every point of a
convex hull; unique projection theorem.

ADMMData.lean Explicit real vectors, cyclic arithmetic, multiplier identity, all
normal inequalities, and the residual lower bound.

ADMMCounterexample.lean Every natural-number ADMM update, five-periodicity, non-
constancy, feasible zero, a zero fixed trajectory, and failure of
residual convergence.

ADMMHingeScalar.lean, Algebraic scalar hinge bounds, the explicit finite objectives’

ADMMHinge.lean, global supporting inequalities, unique proximal minimizers,

ADMMHingeTrajectory.lean their unique constrained optimizer, and the infinite noncon-
vergent trajectory.

The formal projection predicate includes membership, global minimality over the whole
convex set, and uniqueness. Its hypotheses are discharged from the explicit numerical data;
the final theorem assumes neither the normal inequalities nor nonconvergence. The predicate
IsADMMTrajectory requires, for every natural number n, the unique projections with centers
Zn — Uy, and X141 + Uy, followed by the multiplier identity Uy4+1 = U, + 7(Xpt1 — Znt1). The
checked source files are included in full in the reproducible artifact.

Checked core. The declaration ADMMCounterexample.counterexample compiled with exit
code zero. It contains 1 < 7 < 2, convexity, compactness, and closedness of both sets, the common



feasible origin, a zero fixed trajectory, every update of the displayed trajectory, five-periodicity,
nonconstancy, the uniform squared-residual bound, and the assertion that this residual does not
tend to zero. The actual projection minimizers are checked over the full real convex hulls, rather
than only at their vertices.

The three core modules have no sorry, admit, custom axiom, native_decide, or externally
trusted numerical certificate. The final axiom report is exactly [propext, Classical.choice,
Quot.sound]. These are the standard logical foundations, not assumptions of the counterexample.
The use of noncomputable for real arithmetic changes executable-code generation, not the proof
obligation or the kernel’s checking of the theorem.

The indicator-objective and saddle-point interpretation is proved in the text. The affine deter-
minants, ordinary interiority, the parameter interval, and analytic C2/strong-convexity /Lipschitz-
gradient properties of the extensions are not part of this core Lean declaration. Their complete
mathematical arguments and exact arithmetic certificates are supplied separately; no formal-
verification claim is made for those additional regularity statements.

Checked finite-objective extension. The separate declaration ADMMHingeTrajectory.
verified_orbit_and_optimizer also compiled successfully, with the same three standard
foundational dependencies. For the actual functions in (26)-(27), it certifies global proximal
minimizers at every iteration, the multiplier recurrence, the unique constrained optimizer zero,
periodicity, nonconstancy, and the failure of the residual to tend to zero. The analytic regularity
statements about these functions are established by the handwritten derivative and Hessian
calculations above; those properties are not encoded in this additional Lean theorem.

The exact Python certificate uses only the standard library and rational arithmetic. Two
separate arithmetic checkers reconstruct the data, normals, determinants, residuals, and parameter
threshold. Discovery used semidefinite convex interpolation followed by rational reconstruction.
The numerical solver and its floating-point output are not trusted by the proof or required to
reproduce it.

The bundle includes a pinned Lake project and a direct compiler runner. The latter records
the compiler version, input hashes, exit codes, and axiom reports. Both routes are described in
its README. The release verification receipt records the source hashes, module results, and
axiom dependencies from the fresh replay.

6 Research context, implications, and limits

The mathematical conclusion is independent of a priority assessment. The displayed exact cycle
refutes universal convergence of (2)—(4) throughout (0,2), even for the explicit smooth strongly
convex objectives. It leaves the usual unit-step two-block ADMM theory intact.

Relevant references include Tao—Yuan [1], Gu-Yang [2], Chen-Sun-Toh [3], Ma et al. [4],
and He-Ma—Yuan [9]. Further work on dual step sizes and on three-block ADMM appears
in Zhang [6], Xu-Wang [7], and Anshika et al. [8]. The literature comparison is provisional.
Detailed primary-source comparisons of special model assumptions, conditional convergence,
proof-measure obstructions, and alternative multiplier updates have not been independently
confirmed for this release. These references are retained for context and attribution. Their
inclusion does not establish novelty. This manuscript makes no claim of first discovery or a
complete literature review.

The construction does not determine the largest universally convergent multiplier interval.
In particular, failure at 199/100, or on (19), does not show that the golden ratio is the sharp
boundary. The orbit and global minimizer claims are formally checked; the analytic regularity
claims are proved in the text. Neither check establishes literature priority or external expert
validation.



7 Research process and Al disclosure

This manuscript and its proof sources were produced through fully autonomous agentic research:
autonomous Al research agents produced the research, proofs, computations, formalization and
drafts. Al agents then checked the supplied mathematical arguments, reran the exact arithmetic
checks, and prepared this manuscript for release. The original model history is not documented
in this release.

Opus 5.5 by Anthropic used with Claude Code revised this manuscript editorially on 1 Novem-
ber 2026: it moved this disclosure into its own section, revised the abstract, added a summary of
the results to Section 1 and cited the remaining references. It did not change the mathematics.

Dev D. Goyal is responsible for publication. No human proof review is claimed, and the work
has not been externally peer reviewed.

Verification status. All seven local proof modules were recompiled with Lean 4.19.0 for this
release. Eleven theorem endpoints passed the axiom audit. Their only axiom dependencies
are propext, Classical.choice, and Quot.sound. The three exact arithmetic checkers also
passed. Formal coverage is stated in Section 5. The literature comparison remains provisional.
No external peer review is claimed.
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