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Abstract

We prove by a reflection argument that a positive definite integral quadratic lattice
of rank n over a totally real number field represents at most n totally positive unit
squareclasses. The argument allows nonclassical cross terms and nonfree lattices. Over
number fields, fixed-value representation sets are finite. Minimizing a generic linear
functional in each such set produces pairwise nonpositively paired representatives lying in
one open halfspace, hence a linearly independent family. A finite-data descent extends the
bound to arbitrary algebraic totally real fields. The bound answers negatively Question 3.4
of Daans, Kala, Man, Widmer and Yatsyna [1], who asked whether n + 1 represented
classes can occur; for classical lattices the bound was already known [2]. It is also a short
consequence of standard facts on finite reflection groups (Section 4); the contribution
is the arithmetic statement and its application to that question, not the method. The
accompanying Lean development verifies the full embedded-module theorem, including
infinite fields; the sharpness and universality consequences are conventional.

1 The arithmetic statement

Let K/Q be an algebraic totally real extension and let Ok denote the ring of algebraic integers
in K. An integral quadratic lattice is a finitely generated torsion-free Og-module L, embedded
in a finite-dimensional K-space V', together with a symmetric K-bilinear form B such that

Q(z) := B(z,x) € Ox (z € L).

We take V = KL, so n = dimg V is the lattice rank. Total positive definiteness means that
Q(x) is positive at every real embedding whenever x # 0. The identity

2B(z,y) = Q(z +y) — Q(z) — Q(y)

gives 2B(L, L) € Ok. We do not impose B(L, L) C Ok.

Write Ui = O[X(’Jr /(OF%)%. A class is represented if some vector of L has quadratic value in
that class.

Theorem 1. FEvery positive definite integral quadratic lattice of rank n over a totally real
number field represents at most n classes in Uy .

The result is understood in the finite-family sense: every finite family of pairwise distinct
represented classes has cardinality at most n. A larger or infinite represented-class set would
supply a forbidden family of size n + 1, so this is the full cardinal bound. It includes n =0, 1
and imposes no freeness or classicality condition on L.
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The closest opened arithmetic source is Daans-Kala-Man-Widmer—Yatsyna [1], Theorem
3.2 and Question 3.4. It gives 2n — 2 generally and n under an additional squareclass condition,
and asks whether n+1 represented classes can occur. For classical lattices, where B(L, L) C Ok,
the bound n was already known: a unit-valued vector then splits off orthogonally (Daans,
Kala and Man [2, Propositions 4.1-4.2]). The question concerns nonclassical lattices, and the
contribution here is the unconditional bound n for them.

2 Arithmetic preparation

Lemma 2. Ifu € O and a € K satisfy a’ = u, then a € Of. Consequently two integral
units have the same unit squareclass if and only if their ratio is a square in K.

Proof. The element a is integral over O, being a root of X2 — u. Integrality is transitive over
7, so a € Ok. The same argument applied to a~! and v~! shows that ™' € Ok. O

Lemma 3. If K is a number field and € € K is totally positive, then
Se={zeLl:Q(zx)=¢}
is finite.

Proof. Choose finitely many generators eq,...,e,. of L over Og. For x € S., each polar
coordinate
cj(x) = 2B(z, ;)

is an algebraic integer. For every real embedding o of K, positivity of Q(z +¢e;) and Q(x — e;)
gives

o (cj(@))] < o(e) + a(Q(e))).

There are finitely many embeddings, so all conjugates of each c¢;(z) satisfy a bound depending
only on ¢ and e;. Only finitely many algebraic integers in a fixed number field have all
conjugates bounded: the degree and the integral coefficients of their minimal polynomials are
bounded. Thus the tuple (c;(z)); has finitely many possibilities.

This tuple determines . Indeed, if all B(x—y, e;) vanish, bilinearity and x —y € spang{e;}
imply Q(x —y) = 0, hence = y. No integral basis or freeness of L is needed. O

Lemma 4. Ifv e L and Q(v) =€ € O, then

s an tnvolutive lattice isometry and preserves every fived-value representation set.
Proof. The coefficient 2B(v,x)/¢e is integral for z € L, so r,(L) C L. Expanding Q(r,(z))
gives Q(x), and r2 = 1. This uses integrality of 2B, not integrality of B. O

3 The counting argument

Suppose €1, ...,y are represented units with pairwise distinct unit squareclasses. Fix one
real embedding of K and use its ordering. By Lemma 3, the sets S; = S¢, are finite, nonempty
and stable under negation. Their elements are nonzero.
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Choose a linear functional h which vanishes on none of |J; S;. Such a functional exists
because finitely many proper hyperplanes cannot cover the dual of a finite-dimensional vector
space over an infinite field. In each 5;, choose v; minimizing the positive value

h; = h(vz) > 0.

Negation ensures that a positive value exists. The same construction can be made with
K-linear functionals and the chosen ordering of K.

Lemma 5. For i # j, one has B(v;,vj) <0.

Proof. Suppose b = B(v;,v;) > 0. By Lemma 4, r,,(v;) € S; and

2b
h(rvi(vj)) = hj — ?hl < hj.
(2
This value is nonzero. Minimality of h; forces it to be negative. Negating the reflected vector
and applying minimality again gives

2b 2b
7]11 — hj > hj, hence 7hl > th.
g; €
Interchanging ¢ and j gives
2b
—h; > 2h;.
€j

Multiplication and cancellation of positive quantities yield b? > Ei€j.

The vectors are not K-collinear: if v; = av;, then ¢; = a’e;, contradicting Lemma 2 and
distinctness of the classes. Strict Cauchy—Schwarz over the ordered field therefore gives

b* < Q(v;)Q(v;) = eiej,

a contradiction. Equivalently one may work after real scalar extension; real collinearity of
vectors with K-coordinates would imply K-collinearity. O

Lemma 6. If vectors v; satisfy B(vi,vj) <0 fori# j and h(v;) > 0 for one linear functional
h, then they are linearly independent.

Proof. Given a relation ), a;v; = 0, split positive and negative coefficients:

u = Z a;v; = Z (—aj)v; = w.

a; >0 aj<0

The supports are disjoint, so

Q(u) = B(u,w) = Z ai(—a;)B(vi,vj) < 0.

a;>0,a;<0

Positive definiteness gives u = 0. Any positive coefficient would then give h(u) > 0, a
contradiction. Applying h to the original relation rules out any remaining negative coefficient.
Thus all coefficients vanish. O

Lemmas 5 and 6 show that m < dimg V' = n, proving Theorem 1.
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4 Relation to finite reflection groups

Theorem 1 is also a short consequence of standard facts on finite reflection groups, and
the argument above is the classical construction of a simple system in this setting. Over
a number field, the isometry group O(L) is finite, because Trg /g oQ is a positive definite
integral quadratic form on the free Z-module L. By Lemma 4, every v € L with Q(v) € O
gives a reflection r, € O(L), and these reflections generate a finite group W. Through a real
embedding of K, W acts on an n-dimensional real inner-product space as a finite reflection
group. Every reflection in W is conjugate in W to one of its simple reflections, of which there
are at most n [3, Sections 1.5 and 1.14], [4, Chapter V].

If grog~' = 7, with ¢ € W, then Tgv) = Tw, 80 g(v) = cw for some ¢ € K. Then
2 = Q(v)/Q(w) is a unit, so c is a unit by Lemma 2, and Q(v) and Q(w) lie in the same class.
Hence the represented classes number at most the conjugacy classes of reflections in W, which
is at most n.

The generic-functional argument above is the same mechanism as Proposition 4.12 of
Scharlau and Blaschke [7]. What is specific to the arithmetic setting is the use of a single
real embedding, rather than the trace form, whose dimension n[K : Q] is too large, and the
integrality of square roots of units in Lemma 2.

5 Extension to algebraic totally real fields

Corollary 7. The same bound holds for every algebraic totally real extension K/Q, including
extensions of infinite degree. More generally, it holds for any integral Ok -submodule L in a
finite-dimensional positive-definite K -space, with n = dimg spang L; finite generation of L is
unnecessary.

Proof. If the bound failed, choose n+ 1 represented distinct unit classes, represented by vectors
v;. Work in spang L and choose a K-basis ej,...,e, in L. Let FF C K be a number field
containing all Gram entries B(ej, e;) and all coordinates of the v; in this basis. Only finitely
many algebraic elements are needed, irrespective of finite generation of L.

Inside the F-span of the e;, put

M = Z Opej + Z Orv;.
J %

This is a finitely generated torsion-free integral quadratic Op-lattice of rank n: its quadratic
values lie in F' N Ok = Op. Total positive definiteness descends since every embedding of F
into C extends to K, whose image is real. The units Q(v;) and their inverses are integral and
belong to F', so they are units in Op. Their classes remain distinct over F', since an equality
over F' would remain an equality over K. Theorem 1 gives the contradiction n +1<mn. O

It would be incorrect to assume that norm shells over an arbitrary infinite field are finite.

The proof applies finiteness only after descending a finite proposed counterexample.

6 Sharpness, consequence and limitations

If a field K has n distinct totally positive unit classes with representatives ¢;, the diagonal
lattice
€1X12 + -+ €nX7%
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represents all of them. The bound is therefore attained whenever the field has sufficiently many
classes. More generally the maximal number in rank n is the smaller of n and the number of
available classes, with the evident interpretation if that group is infinite.

In particular, a field with infinitely many classes attains the bound in every rank.

A universal lattice must represent every totally positive unit class. Its rank is consequently
at least their number. For classical lattices this is Proposition 4.2 of [2]; the bound here removes
the classicality assumption. In particular, four such classes obstruct ternary universality. This
does not prove Kitaoka’s finiteness conjecture or classify universal forms.

The integral-reflection fact and the obtuse-vector mechanism are established ingredients.
Peters—Sterk [6], Lemma 7.1.1, records unit reflections; Scharlau-Blaschke [7], Proposition
4.12, uses a closely related generic-functional/reflection argument. The contribution here is
the arithmetic count and its application to the published question. Root lattices over the rings
of integers of totally real fields, whose reflection groups underlie Section 4, have been classified
by Sakamoto, Suzuki and Tamori [5]; we have seen only the abstract of that work, which does
not state the present count. A literature search found no earlier answer to Question 3.4, but
historical priority is not certified.
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7 Formal companion and reproducibility

The project pins Lean 4.19.0 and mathlib revision

c44e0c8eeb63cal66450922a373¢c7409c5d26b0O0D.

The final endpoint is

UnitSquareclass.algebraic_represented_unit_
squareclasses_card_le_lattice_rank

It quantifies over every finite type I and every represented family of actual Og-units, with
pairwise inequivalence modulo squares of actual units. It concludes |I| < dimg spany L.
Reality and positivity are quantified over every complex embedding. Integrality is required
only on diagonal values.

Fresh replays on 30 October 2026 compiled all eleven modules from source into new object
directories against a Mathlib checkout built from source at the pinned revision, once with the
package verifier and once with —trust=0, which also rechecks imported declarations. Both
passed, and all twenty-two audited declarations depend only on propext, Classical.choice
and Quot.sound. Their records are in verification/. No sorry, admit, or custom axiom
occurs in production source.

There are two explicit presentation interfaces. The formalization states the theorem for
embedded submodules with symmetric bilinear forms. An abstract torsion-free quadratic
lattice embeds in its field localization, and its polarization extends to its span; this standard
transport is not a separate Lean endpoint. The formal theorem uses the universal finite-family
formulation rather than defining a literal quotient-cardinality object. Neither changes the
arithmetic bound.

The proof follows the same structure as the manuscript. For shell finiteness, Lean uses a
sufficient Cauchy-derived bound on polar coordinates rather than the Q(x £ e;) bound above.
For descent, Lean uses a coordinate space and the integral span of the witness vectors, so a
rank-at-most-n lattice suffices; the manuscript includes basis vectors to obtain rank exactly n.
Sharpness and universality are stated as conventional consequences, not additional separately
audited Lean endpoints. 1lean/MANUSCRIPT_CORRESPONDENCE.md gives the module-by-module
correspondence. Formal correctness does not establish novelty.

8 Research process and Al disclosure

This is fully autonomous agentic research. Dev D. Goyal is responsible for publication. The
work has not been externally peer reviewed, no expert validation is claimed, and the novelty
assessment is provisional.

The theorem, its proof, the Lean formalization and an earlier version of this note were
produced by autonomous Al research agents in an earlier session. The records of that session
describe three agents working in one system on discovery, proof, formalization and review;
their tool logs indicate an OpenAl Codex environment, and the model version is not recorded.

Opus 5.5 by Anthropic used with Claude Code assessed the package for this release. It
coordinated an independent Al referee check, which read the proof and the Lean statements,
compared the theorem with Daans, Kala, Man, Widmer and Yatsyna’s Question 3.4, and
tested the bound by exact computation on lattices over real quadratic and totally real quartic
fields, where it is attained in ranks two to four. The referee observed that the theorem is a



Represented unit squareclasses Dev D. Goyal

short consequence of standard facts on finite reflection groups. Opus 5.5 ran the fresh Lean
replays described in Section 7 and revised this note: it added that derivation (Section 4), the
credit for the classical case, and the universality corollary, and removed references to working
files that are not published. It also made the editorial revision of 1 November 2026, which
moved this section to the end and did not change the mathematics. Al referee checks are
not human peer review. Lean verification establishes only the formal statements described in
Section 7; the sharpness, universality and literature limits are stated in Section 6.
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