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Abstract
Termwise powers of a constant-recursive sequence again satisfy constant-coefficient re-

currences, but the minimal orders can depend on cancellations in the power expansion. An
explicit positive integer sequence of rank thirteen has power ranks equal to a cubic polyno-
mial minus twice a parity-restricted square count. The correction is (

√
3 − 1)

√
M + O(1) at

power M , so these ranks are not eventually quasipolynomial. The proof determines every
characteristic-root multiplicity for every positive power. A companion construction gives
infinitely many distinct power-rank sequences at each fixed initial rank r ≥ 3, contradicting
as written the fixed-rank finiteness conjecture of Rowland and Sistos Barrón [1]; at rank
three, Rowland has independently obtained an infinite family. The recurrence conventions
and the standard algebraic tools are stated explicitly. A Lean formalization covers the main
theorem and the arbitrary-rank companion theorem; the companion generating function, its
eventual polynomial degree and leading coefficient, and the simplified rank-three examples
retain conventional proofs.

Priority and subsequent correspondence

Added 30 October 2026. On 29 October 2026, following my correspondence with Professor
Eric Rowland, he informed me that he had recently been experimenting with an LLM and
had independently obtained an infinite family of rank sequences for rank-three recurrences.
That family also challenges the fixed-rank finiteness assertion of [1] discussed at the end of
this paper. I had not known of this work, and the novelty searches carried out by my research
agents had not found it. His family was reported to me in correspondence, and I have not
seen its construction. At rank three, his family and the companion family of Theorem 4 both
give infinitely many power-rank sequences, so that part of the present result overlaps with
independent work. I acknowledge this independently discovered, overlapping result. I do not
suggest that his construction duplicates the rank-thirteen example or the other companion
theorems; the constructions have not been compared. The proofs and the formalization are
unchanged.

1 The question and the main result

Taking a termwise power of a sequence can increase the order of its shortest constant-coefficient
recurrence. An exponential expansion explains this increase: products of the original exponential
bases become new bases. Equal products must be grouped, and their polynomial coefficients
can cancel. The actual recurrence rank depends on the resulting nonzero coefficients and their
degrees. For related work on ranks of powers, see Rowland and Sistos Barrón [1].
The main example below has a different cancellation pattern at square indices. These losses are
small compared with the total rank, but they prevent every eventual quasipolynomial description.
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The characteristic polynomial is determined explicitly, so a loss in one coefficient is not mistaken
for a larger hidden loss. Section 6 states what the accompanying Lean package formalizes and
which corollaries retain conventional proofs.

Recurrence conventions. All sequences are indexed by n ∈ N = {0, 1, 2, . . .}. Power
exponents M are nonnegative integers. Recurrence coefficients are initially allowed in C. Let
E be the forward shift, (Eu)(n) = u(n + 1). A sequence is constant-recursive if some monic
polynomial q ∈ C[T ] with q(0) ̸= 0 satisfies q(E)u(n) = 0 for all sufficiently large n. Its rank
is the least degree of such a polynomial, and its monic minimal polynomial is its minimal
characteristic polynomial. An eventually zero sequence has rank zero and polynomial 1 by
convention. For positive order R, the characteristic polynomial

T R + aR−1T R−1 + · · · + a0, a0 ̸= 0,

gives the eventual recurrence

u(n + R) = −
R−1∑
h=0

ahu(n + h).

All sequences constructed here are everywhere positive, and their displayed recurrences hold for
every n ≥ 0. Their minimal polynomials lie in Z[T ]. Consequently their ranks are the same over
Q, R, and C.
For M ≥ 0, the power uM means the termwise power uM (n) = u(n)M . The sequences here
never vanish, so u0 is the constant sequence one and has rank one. A function of M is eventually
quasipolynomial if there are an integer ℓ ≥ 1, a threshold M0, and real polynomials f0, . . . , fℓ−1
such that its value is fj(M) whenever M ≥ M0 and M ≡ j (mod ℓ).
Define

s(n) = 1 + 2n + 3n(1 − 2n)2 + n9n(1 + 2n)3. (1)

For M ≥ 1, put
Q(M) = #{q ∈ N : M < q2 < 3M, q2 − M is odd}. (2)

Theorem 1. The sequence s in (1) is positive integer-valued and has rank 13. For every M ≥ 1,
its M th termwise power has minimal characteristic polynomial

χM (T ) =
2M∏
j=0

M+j∏
k=0

(T − 2k3j)1+⌊j/2⌋−ϵM,j,k , (3)

where

ϵM,j,k =
{

1, j odd and (M + j − 2k)2 = M + j,

0, otherwise.

Factors with exponent zero are omitted. In particular,

R(M) := rank(sM ) = P (M) − 2Q(M), P (M) = (M + 1)(2M + 1)(7M + 6)
6 . (4)

For every M ≥ 1, ∣∣∣P (M) − R(M) − (
√

3 − 1)
√

M
∣∣∣ ≤ 2. (5)

The rank sequence R is not eventually quasipolynomial, even with real coefficients allowed in its
constituent polynomials.
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The first eight ranks, starting at M = 1, are

13, 50, 124, 253, 451, 726, 1098, 1579.

The minimal polynomial of s itself is

(T − 1)(T − 2)(T − 3)(T − 6)(T − 12)
· (T − 9)2(T − 18)2(T − 36)2(T − 72)2.

(6)

Thus the example has repeated characteristic roots. No minimality claim is made for the number
13 among examples with nonquasipolynomial power ranks.

2 The rank principle

The following standard exponential-polynomial fact supplies minimality, rather than only an
upper bound on recurrence order. A proof is included to cover the eventual-recurrence convention;
compare Theorem 2.1 of [1].

Lemma 2. Let h ≥ 1. Let λ1, . . . , λh be distinct nonzero complex numbers, and let Pi ∈ C[n] be
nonzero polynomials of degrees ei. For

u(n) =
h∑

i=1
Pi(n)λn

i ,

the minimal characteristic polynomial and rank are

χu(T ) =
h∏

i=1
(T − λi)ei+1, rank(u) =

h∑
i=1

(ei + 1).

Proof. On a single component,

(E − λ)
(
P (n)λn) = λn+1(P (n + 1) − P (n)

)
.

This lowers a positive polynomial degree by one and kills a constant. If µ ̸= λ, then

(E − µ)
(
P (n)λn) = λn(λP (n + 1) − µP (n)

)
,

which preserves the degree and multiplies its leading coefficient by λ − µ.
The distinct components are independent even on a tail. Indeed, if their sum were eventually zero,
apply

∏
j ̸=i(E − λj)ej+1 for a fixed i. All other components vanish. The remaining component

is a nonzero polynomial times λn
i , since the applied factors preserve its degree. It cannot vanish

at all sufficiently large integers.
Now let q be a nonzero polynomial such that q(E) annihilates the sum eventually. Write
q(T ) = (T − λi)aigi(T ) with gi(λi) ̸= 0. The leading polynomial coefficient after gi(E) is
multiplied by gi(λi), so its degree remains ei. Applying (E −λi)ai kills it exactly when ai ≥ ei +1.
The independence just proved forces this inequality for every i. Thus the displayed product
divides every annihilator. Conversely, that product annihilates all components for every n ≥ 0
and has nonzero constant term. The polynomial and rank assertions follow.

If the polynomial in Lemma 2 has integer coefficients, it gives a recurrence over Q and R. No
smaller recurrence over either field can exist, since it would also be a smaller complex recurrence.
This proves the field-independence assertion for the constructions below.
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3 Every characteristic multiplicity of the main example

First expand (1) as

s(n) = 1 + 2n + 3n − 2 6n + 12n

+ n
(
9n + 3 18n + 3 36n + 72n). (7)

The bases are distinct. Lemma 2 gives rank 5 + 2 · 4 = 13 and (6). The expression (1) proves
positivity and integrality for every n ≥ 0.

3.1 A layer expansion

Set
F (X, Y, Z) = (1 + X) + Y (1 − X)2 + ZY 2(1 + X)3.

Then s(n) = F (2n, 3n, n). Define the polynomial

CM,j,k(Z) = [XkY j ]F (X, Y, Z)M .

After substitution, it is the coefficient polynomial of the exponential base 2k3j . Unique factor-
ization makes these bases distinct for different pairs (j, k). Each nonzero CM,j,k contributes
1 + deg CM,j,k to the rank.
Choose c factors from the Z-term, j − 2c from the middle term, and M − j + c from the first
term. This gives the exact expansion

[Y j ]F M =
⌊j/2⌋∑

c=max(0,j−M)

M ! Zc(1 + X)M−j+4c(1 − X)2j−4c

(M − j + c)!(j − 2c)!c! . (8)

The range is exactly the condition that all three chosen counts be nonnegative. Each multinomial
scalar is positive. The X-degree of each summand is M + j. Hence only 0 ≤ j ≤ 2M and
0 ≤ k ≤ M +j occur. For fixed j, different c give different Z-degrees. There is only one summand
at each possible Z-degree, so its X-coefficient determines whether that degree survives.
If j = 2a, the top Z-degree is a. Its coefficient is a positive scalar times (1 + X)M+2a. All
coefficients for 0 ≤ k ≤ M + 2a are positive. Thus every position in an even layer has degree
exactly a and contributes multiplicity a + 1.
If j = 2a + 1, put N = M + j. The top Z-degree is a, with coefficient a positive scalar times

(1 + X)N−2(1 − X)2. (9)

Here N ≥ 2. The next lemma identifies all zeros of this coefficient and shows what happens at
the next Z-degree.

3.2 Two coefficient identities

These are standard binomial coefficient, or Krawtchouk, identities. The derivation fixes the
normalization needed for the degree calculation.

Lemma 3. For integers N ≥ 2 and 0 ≤ k ≤ N ,

[Xk](1 + X)N−2(1 − X)2 =
(

N

k

)
(N − 2k)2 − N

N(N − 1) . (10)

If N ≥ 6 and (N − 2k)2 = N , then

[Xk](1 + X)N−6(1 − X)6 =
(

N

k

)
16

(N − 2)(N − 3)(N − 5) > 0. (11)
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Proof. Let t = N − 2k and
Kr = [zr](1 − z)k(1 + z)N−k.

For 0 ≤ r ≤ N , expansion and cancellation of factorials give

[Xk](1 − X)r(1 + X)N−r =
(N

k

)(N
r

)Kr. (12)

Term by term, the needed identity is(r
i

)(N−r
k−i

)(N
k

) =
(k

i

)(N−k
r−i

)(N
r

) ,

with out-of-range binomial coefficients zero. The polynomial G(z) = (1 − z)k(1 + z)N−k satisfies
(1 − z2)G′(z) = (t − Nz)G(z). Comparing coefficients gives

(r + 1)Kr+1 = tKr − (N − r + 1)Kr−1, K0 = 1, K1 = t. (13)

In particular, K2 = (t2 − N)/2, proving (10).
Under t2 = N , recurrence (13) gives

K2 = 0, K3 = − t(N − 1)
3 , K4 = −N(N − 1)

12 ,

K5 = t(N − 1)(N − 4)
20 , K6 = N(N − 1)(N − 4)

45 .

Since
(N

6
)

= N(N − 1)(N − 2)(N − 3)(N − 4)(N − 5)/720, equation (12) at r = 6 proves (11).
Its denominator is positive for N ≥ 6.

3.3 Exactly one loss at every exceptional position

Equation (10) shows that the top coefficient in an odd layer vanishes exactly when N is a square,
say N = q2, at the two positions

k = N − q

2 , k = N + q

2 . (14)

They are distinct because N ≥ 2 forces q ≥ 2. They are integers because q and q2 have the same
parity, and they lie in [0, N ].
If a = 0, the coefficient polynomial has degree at most zero. A cancellation therefore removes
that base completely. If a ≥ 1, a lower degree must be checked. The endpoint a = M − 1
would give N = 3M − 1 ≡ 2 (mod 3), impossible for a square. Thus every exceptional layer
with a ≥ 1 has a ≤ M − 2. It follows that c = a − 1 is valid in (8): it is nonnegative and
a − 1 ≥ j − M = 2a + 1 − M . The coefficient at that Z-degree is a positive scalar times

[Xk](1 + X)N−6(1 − X)6.

Here M ≥ 3 and N = M + 2a + 1 ≥ 6. Since N is a square, N ≥ 9. Equation (11) makes this
coefficient strictly positive. No other summand contributes to the same Z-degree. Thus the
degree is exactly a − 1. In every exceptional position the characteristic multiplicity drops by
exactly one, and never by more.
For example, at M = 3, j = 1 the top factor is (1 + X)2(1 − X)2 = 1 − 2X2 + X4. There is no
lower Z-degree, so the two bases at k = 1, 3 disappear. At M = 6, j = 3, the exceptional N is 9.
The leading degree vanishes at k = 3, 6, while [X3](1 + X)3(1 − X)6 = 8. The next multinomial
scalar is 20, so its coefficient is 160, not zero.
Combining the even and odd layers with Lemma 2 proves the minimal polynomial (3). Every
factor has a nonnegative integer exponent, and its base is a positive integer. Thus χM is monic,
integral, and has nonzero constant term. Its recurrence holds for every n ≥ 0.
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4 The square correction and its consequence

The exceptional odd layers are j = 1, 3, . . . , 2M − 1 with M + j = q2. They correspond exactly
to (2). Each such layer loses two units of characteristic multiplicity. Before these losses, the
rank sum is

2M∑
j=0

(M + j + 1)(⌊j/2⌋ + 1) =
M∑

a=0
(M + 2a + 1)(a + 1)

+
M−1∑
a=0

(M + 2a + 2)(a + 1)

= (M + 1)(M + 2)(7M + 3)
6 + M(M + 1)(7M + 2)

6
= P (M).

This proves (4) for every M ≥ 1.
For an exact floor formula, let

L = ⌊
√

M⌋, U = ⌊
√

3M − 1⌋, e = M mod 2.

The eligible q satisfy L < q ≤ U and have parity 1 − e. Therefore

Q(M) =
⌊

U + 1 − e

2

⌋
−
⌊

L + 1 − e

2

⌋
. (15)

This handles the strict square endpoints exactly.
The same q lie in the open interval (

√
M,

√
3M) on one lattice of spacing two. Its point count

differs from half the interval length by at most one. Hence∣∣∣∣∣Q(M) −
√

3 − 1
2

√
M

∣∣∣∣∣ ≤ 1,

which proves (5).
Suppose R were eventually quasipolynomial with period ℓ ≥ 1 and real constituent polynomials.
On each residue class modulo ℓ, the difference P − R would eventually agree with a polynomial
in M . By (5), that polynomial is unbounded and is o(M) along the class. A constant polynomial
is bounded. A nonconstant polynomial cannot be o(M) along an unbounded positive arithmetic
progression. Both alternatives are impossible. This completes the proof of Theorem 1.

5 A companion family at every fixed rank

This construction isolates a simpler mechanism: equal exponential products without coefficient
cancellation.

Theorem 4. Fix integers r ≥ 3, d ≥ 2, and distinct odd primes p1, . . . , pr−3, with an empty list
when r = 3. The positive integer sequence

ur,d(n) = 1 + 2n + 2dn +
r−3∑
i=1

pn
i

has rank r. For every M ≥ 0,

rank(uM
r,d) =

(
M + r − 1

r − 1

)
−
{

0, M < d,(M−d+r−1
r−1

)
, M ≥ d.

(16)

For each fixed r ≥ 3, varying d gives pairwise distinct power-rank sequences.
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Proof. The r original exponential bases are distinct, so Lemma 2 gives rank r. Expand the Mth
power. A term is indexed by a tuple of nonnegative integers

b = (b0, b1, b2, c1, . . . , cr−3), b0 + b1 + b2 +
∑

i

ci = M,

and has base
λb = 2b1+db2

∏
i

pci
i . (17)

All multinomial coefficients are positive, so equal bases do not cancel.
Write b1 = qd + a with 0 ≤ a < d. Replace b by

b∗ = (b0 + (d − 1)q, a, b2 + q, c1, . . . , cr−3).

All entries remain nonnegative. The coordinate sum and base are unchanged. Thus every
base has a representative with b1 < d. Such a representative is unique: unique factorization
determines the odd-prime exponents and the exponent of two, Euclidean division by d determines
b1, b2, and the fixed sum determines b0.
There are

(M+r−1
r−1

)
weak compositions of M into r parts. When M ≥ d, those with b1 ≥ d

are counted by
(M−d+r−1

r−1
)

after subtracting d from b1. For M < d, there are none. Lemma 2
proves (16).
If d < d′, compare the sequences at M = d. The first rank is

(d+r−1
r−1

)
− 1, and the second is(d+r−1

r−1
)
. Thus they differ.

Let Cr,d,M be the weak compositions of M with b1 < d. The proof also gives the explicit minimal
characteristic polynomial

χr,d,M (T ) =
∏

b∈Cr,d,M

(T − λb). (18)

Every factor occurs once. This polynomial is monic, integral, and has nonzero constant term.
Together with (3), it specifies the minimal recurrence of every power: if χ(T ) = T R +

∑
h<R ahT h,

then

u(n + R)M = −
R−1∑
h=0

ahu(n + h)M .

For M = 0, both constructions give χ(T ) = T − 1 and rank one.
The generating function for (16) is

∑
M≥0

rank(uM
r,d)zM = 1 − zd

(1 − z)r
.

For M ≥ d, the rank is a polynomial of degree r − 2 with leading coefficient d/(r − 2)!. When
r = 3, the formula becomes

rank(uM
3,d) =


(M+2

2
)
, 0 ≤ M ≤ d − 1,

dM + 1 − (d − 1)(d − 2)
2 , M ≥ d − 1.

Both branches agree at M = d − 1. For example, 1 + 2n + 32n has power ranks

3, 6, 10, 15, 20, 25, 30, . . .

and minimal recurrence

u(n + 3) = 35u(n + 2) − 98u(n + 1) + 64u(n).
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The generating function is a standard Hilbert-function calculation. The graded monomial map

X0 7→ U, X1 7→ UV, X2 7→ UV d, Xi+2 7→ UWi

has the relation Xd
1 = Xd−1

0 X2. The same normal form gives the monomial basis with exponent
of X1 less than d, and hence the series (1 − zd)/(1 − z)r. This is the familiar principal-relation
mechanism, not a new Hilbert-series principle.

6 Verification, attribution, and limits

The arguments above prove the infinite statements. Exact finite checks provide additional checks
of the expansions and indexing. The accompanying integer-arithmetic programs check canoni-
cal supports, individual coefficient degrees, the floor formula, and characteristic polynomials
recovered from sequence values modulo primes. One recorded run covered 715 support cases
and 851,565 normal-form reductions, 20,000 floor-count identities, every coefficient multiplicity
for 1 ≤ M ≤ 14, and direct recurrence comparisons for M = 1, 2, 3 modulo both 1,000,000,007
and 1,000,000,009. These finite checks are corroboration, not a proof for all powers.
The accompanying Lean package formalizes Lemma 2 and Theorem 1. It proves eventual
recurrence minimality over C, the full minimal polynomial for every power, the exact rank and
floor formulas, the error bound in (5), and failure of eventual quasipolynomiality with real
constituent polynomials. It also proves integrality of the minimal polynomials, equality of the
ranks over Q, R, and C, and the recurrences from index zero. The zeroth-power boundary is
included. The package also formalizes Theorem 4 for every r ≥ 3, d ≥ 2, and M ≥ 0. It proves
the full companion minimal polynomial, its integral recurrence from index zero, and equality of
rational, real, and complex ranks. It includes the existence of the required distinct odd primes
and infinitely many distinct power-rank sequences at each r. The companion generating function,
eventual polynomial degree and leading coefficient, and simplified rank-three examples retain
their conventional proofs above and are outside the formal package.
The exponential-polynomial rank principle, binomial coefficient identities, and Hilbert-function
mechanism are standard supporting mathematics. Rowland and Sistos Barrón [1, p. 2] conjecture
that, for each r ≥ 1, only finitely many power-rank sequences arise from constant-recursive
integer sequences of rank r. Theorem 4 contradicts this unnumbered finiteness conjecture
as written for every r ≥ 3; at rank three, Rowland has independently obtained an infinite
family (see the priority note at the beginning of this paper). Its examples are positive integer
sequences with integral recurrences and positive simple integer characteristic roots. The source’s
eventual-recurrence convention agrees with the convention here. Its Theorem 5.4 concerns rank
two and is not contradicted by this family.
Conjecture 5.3 of that preprint states that every general rank sequence is eventually polynomial
and every particular rank sequence is eventually “pseudo-polynomial.” The rank-thirteen example
has coefficient cancellation, so it concerns the particular case. The term “pseudo-polynomial” is
not defined in the cited text. Theorem 1 proves failure of eventual quasipolynomiality in the
explicit sense defined here; it does not depend on identifying these two terms and is not asserted
to refute Conjecture 5.3 without that interpretation. No refutation of the general-rank assertion
or Conjecture 6.2 is claimed. The citation identifies the author-hosted text; its correspondence
with a specific arXiv version, subsequent corrections, and historical priority remain separate
questions.
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7 Research process and AI disclosure

This work is fully autonomous agentic research. Automated systems produced the research,
mathematical arguments, finite checks and earlier versions of this manuscript. GPT 6.1 Sol in
Codex produced formal proofs and verification software for the accompanying package. Opus 5.5
by Anthropic used with Claude Code revised the presentation of the manuscript on 1 November
2026: it rewrote the front matter and abstract, clarified the priority note against the repository’s
priority record and consolidated this disclosure. The revision does not change the mathematics.
Dev D. Goyal is responsible for publication. The work has not been externally peer reviewed.
The formal scope and the remaining limits are stated in Section 6.
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